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VARIETIES OF TROPICAL IDEALS ARE BALANCED
DIANE MACLAGAN AND FELIPE RINCO´N
Abstract. Tropical ideals, introduced in [MR18], define subschemes of tropical toric
varieties. We prove that the top-dimensional parts of their varieties are balanced polyhedral
complexes of the same dimension as the ideal. This means that every subscheme of a tropical
toric variety defined by a tropical ideal has an associated class in the Chow ring of the toric
variety. A key tool in the proof is that specialization of variables in a tropical ideal yields
another tropical ideal; this plays the role of hyperplane sections in the theory. We also show
that elimination theory (projection of varieties) works for tropical ideals as in the classical
case. The matroid condition that defines tropical ideals is crucial for these results.
1. Introduction
This paper is part of a program to develop an intrinsic scheme theory for tropical geometry,
begun in [GG16]; see [DR19,L15,GG14,GG18,JM18a,JM18b,MR20,M14,S19]. We focus
on subschemes of tropical toric varieties. Usual subschemes of affine or projective space are
defined by ideals in a polynomial ring. Ideals in the semiring of tropical polynomials, however,
are too general with which to build a theory analogous to classical algebraic geometry. For
example, the variety of an ideal in this semiring is not necessarily a finite polyhedral complex;
see [MR18, Example 5.14].
The remedy proposed in [MR18] is to work with a smaller class of ideals, called tropical
ideals (see Definition 1.1 below). The class of tropical ideals includes all tropicalizations
of classical ideals [GG16], but it is strictly larger. In [MR18], the authors show that the
variety of a tropical ideal is a finite R-rational polyhedral complex, and that tropical ideals
satisfy the ascending chain condition and the weak Nullstellensatz. In addition, homogeneous
tropical ideals have a Hilbert polynomial, which in particular allows a definition of dimension
and degree. This suggests that tropical ideals form a reasonable class with which to work for
tropical algebraic geometry.
The main result of this paper is that the variety of a tropical ideal is balanced with respect
to an intrinsically defined multiplicity on its maximal cells. This generalizes the Structure
Theorem for tropicalizations of classical varieties. The balancing condition is a combinatorial
constraint on a polyhedral complex that can be interpreted as a “zero-tension” condition;
see Definition 6.1 for a precise definition. It plays a fundamental role in tropical geometry.
Along the way we prove other basic results for tropical ideals, including that they are closed
under specializations of the variables, and that the dimension of their varieties agrees with
the dimension of the defining ideal.
We now state this more precisely, beginning with the definition of a tropical ideal. We write
R = (R∪ {∞},⊕, ◦· ) for the tropical semiring, where ⊕ is min and ◦· is regular addition. For
simplicity, we restrict our presentation in the introduction to ideals in the Laurent polynomial
semiring.
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2 DIANE MACLAGAN AND FELIPE RINCO´N
Definition 1.1. An ideal I ⊆ R[x±11 , . . . , x±1n ] is a tropical ideal if it satisfies the following
“monomial elimination axiom”:
(†) For any f, g ∈ I and any monomial xu for which [f ]xu = [g]xu 6= ∞, there exists
h ∈ I such that [h]xu =∞ and [h]xv ≥ min([f ]xv , [g]xv) for all monomials xv, with the
equality holding whenever [f ]xv 6= [g]xv .
Here, we use the notation [f ]xu to denote the coefficient of the monomial x
u in the polynomial
f . As we refer to this condition on f , g, and h several times throughout the paper, we
abbreviate it as
h← elimxu(f, g).
We refer to h as an elimination of xu from f and g, as it is not uniquely defined by xu, f ,
and g.
When X is a d-dimensional irreducible subvariety of the torus (K∗)n over a valued field
K, the tropicalization trop(X) is the support of a pure d-dimensional balanced polyhedral
complex. The following is the main theorem of the paper, which generalizes this fact to
varieties of tropical ideals; see §2.3 for the definition.
Theorem 1.2. Let I ⊆ R[x±11 , . . . , x±1n ] be a tropical ideal of dimension d. Then the variety
V (I) is the support of a polyhedral complex Σ whose maximal cells are d-dimensional. More-
over, the weighted R-rational polyhedral complex Σd consisting of the d-dimensional cells of
Σ, with weights given by the multiplicities of Definition 6.3, is balanced.
The restriction to the d-skeleton of Σ is necessary here, as there is not yet a reasonable
definition of an irreducible subscheme of the tropical torus that implies that V (I) is pure.
Theorem 1.2 allows us to define a Hilbert-Chow morphism for tropical ideals, taking a
subscheme of a tropical toric variety to its class in the Chow ring of the toric variety; see
Remark 6.7.
A key tool used is the fact, whose proof is non-trivial, that the class of tropical ideals is
closed under specialization of some of the variables.
Theorem 1.3. Let I ⊆ R[x±11 , . . . , x±1n ] be a tropical ideal. For any a ∈ R, the ideal
I|xn=a := {f(x1, . . . , xn−1, a) : f ∈ I} ⊆ R[x±11 , . . . , x±1n−1]
is a tropical ideal. When V (I) is the support of a pure polyhedral complex, we have
V (I|xn=a) = pi(V (I) ∩st {xn = a}),
where pi : Rn → Rn−1 is the projection onto the first n− 1 coordinates, and ∩st is the stable
intersection.
This theorem plays the role of a hyperplane section in tropical scheme theory, as it
allows induction on dimension. In the realizable case, V (I|xn=a) is the tropicalization of the
intersection of the variety with a generic translate of a subtorus; see Remark 3.7.
Two important consequences of Theorem 1.3, which were already part of the standard
tropical tool-kit in the case that I is the tropicalization of a classical ideal, are the following.
(1) (Theorem 4.3). The variety of a tropical ideal of dimension d is the support of a
polyhedral complex with maximal cells of dimension d.
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(2) (Theorem 4.7). If I ⊆ R[x±11 , . . . , x±1n ] is a tropical ideal, and pi : Rn → Rn−1 is the
projection onto the first n− 1 coordinates, then
V (I ∩ R[x±11 , . . . , x±1n−1]) = pi(V (I)).
We note that this differs slightly from the non-tropical case, where a closure is needed on
pi(V (I)). The proof of the projection result uses a Nullstellensatz of Grigoriev and Podolskii
[GP14] in a crucial fashion.
The last important ingredient in the proof of Theorem 1.2 is the fact (Theorem 5.10) that
the degree of a zero-dimensional ideal is the sum of the multiplicities of the points in its
variety. The proof here is more complicated than in the classical case, owing to the lack of
primary decomposition (so far) in tropical scheme theory.
The structure of the paper is as follows. In Section 2 we develop more Gro¨bner theory for
tropical ideals. The proofs of these results are fairly similar to the realizable case. Section 3
contains the first deep result, with the proof of the key specialization theorem (Theorem 3.6).
The results about dimension and projection (Theorem 4.3 and Theorem 4.7) are proved in
Section 4, while Section 5 contains the key facts about degrees of zero-dimensional ideals.
Finally, Theorem 1.2 is proved in Section 6 (Theorem 6.6).
Acknowledgments. DM was partially supported by EPSRC grant EP/R02300X/1. FR was
partially supported by the Research Council of Norway grant 239968/F20. We thank Alex
Fink for useful conversations about Theorem 5.10, and the Institut Mittag-Leffler for hosting
those conversations during the program on Tropical Geometry, Amoebas, and Polytopes.
2. Gro¨bner theory
In this section we prove basic results about initial ideals of tropical ideals and the connection
with initial ideals with respect to monomial term orders.
2.1. Variants of tropical ideals. Throughout this paper we will consider tropical ideals in
both R[x1, . . . , xn] and R[x±11 , . . . , x±1n ], and also homogeneous tropical ideals in R[x0, . . . , xn].
A slightly more general setting also occurs in § 5. In each case the definition of tropical ideal
is that it obeys the monomial elimination axiom (†) given in Definition 1.1. In the case of
homogeneous tropical ideals in R[x0, . . . , xn] it suffices to check the condition when f and
g are homogeneous. Equivalently, we require that for any finite selection E of monomials
(which can be Laurent in the case I ⊆ R[x±11 , . . . , x±1n ]), the restriction I|E is the set of vectors
of a valuated matroid Mat(I|E) on the ground set E. We denote by Mat(I|E) the underlying
matroid of Mat(I|E), which is a matroid on the set E. See [MR18, §2] for more on this
perspective.
We will also consider tropical ideals where the semiring of coefficients is the Boolean
semiring B := {0,∞} ⊆ R. Many results also hold for more general additively idempotent
semifields, as in [MR18]; we restrict to B and R here as the main focus is on the polyhedral
structure of varieties.
We now describe the connection between these three versions of tropical ideals. The
homogenization of a tropical polynomial f =
⊕
cux
u ∈ R[x1, . . . , xn] is
f˜ =
⊕
cux
d−|u|
0 x
u ∈ R[x0, x1, . . . , xn]
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where |u| := ∑ni=1 ui and d = max(|u| : cu 6= ∞). The homogenization of an ideal
I ⊆ R[x1, . . . , xn] is the ideal
Ih := 〈f˜ : f ∈ I〉 ⊆ R[x0, x1, . . . , xn].
Conversely, if f ∈ R[x0, . . . , xn] is a homogeneous polynomial, its dehomogenization is
the polynomial f |x0=0 := f(0, x1, . . . , xn) ∈ R[x1, . . . , xn]. The dehomogenization of a
homogeneous ideal J ⊆ R[x0, x1, . . . , xn] is the ideal
J |x0=0 := {f |x0=0 : f ∈ J} ⊆ R[x1, . . . , xn].
If J ⊆ R[x±11 , . . . , x±1n ] is an ideal in the Laurent polynomial semiring, the intersection
J ∩ R[x1, . . . , xn] is an ideal in the affine polynomial semiring R[x1, . . . , xn]. Conversely, any
ideal I ⊆ R[x1, . . . , xn] generates an ideal
IR[x±11 , . . . , x±1n ] ⊆ R[x±11 , . . . , x±1n ].
Its elements are the Laurent polynomials of the form fxu with f ∈ I and xu a Laurent
monomial.
If I is an ideal in R[x1, . . . , xn] and m is a monomial, then
(I : m) := {f ∈ R[x1, . . . , xn] : fm ∈ I}.
The saturation of I with respect to m is
(I : m∞) := {f ∈ R[x1, . . . , xn] : fmk ∈ I for some k ≥ 0}.
The following lemma details the relationships between these ideals.
Lemma 2.1. (1) If J ⊆ R[x±11 , . . . , x±1n ] is a tropical ideal then J ∩ R[x1, . . . , xn] is a
tropical ideal as well. Conversely, if I ⊆ R[x1, . . . , xn] is a tropical ideal then so is
IR[x±11 , . . . , x±1n ] ⊆ R[x±11 , . . . , x±1n ].
(2) If I ⊆ R[x1, . . . , xn] is a tropical ideal then Ih ⊆ R[x0, . . . , xn] is a tropical ideal.
Conversely, if J ⊆ R[x0, . . . , xn] is a homogeneous tropical ideal, then J |x0=0 ⊆
R[x1, . . . , xn] is a tropical ideal.
(3) If I ⊆ R[x1, . . . , xn] is a tropical ideal and m is any monomial, then (I : m) and (I :
m∞) are also tropical ideals. When m =
∏n
i=1 xi, then (I : m
∞) = IR[x±11 , . . . , x±1n ]∩
R[x1, . . . , xn]. In particular, if J ⊆ R[x±11 , . . . , x±1n ] and I = J ∩ R[x1, . . . , xn], then
(I : m∞) = I.
Proof. (1) Suppose J ⊆ R[x±11 , . . . , x±1n ] is a tropical ideal, and let I = J ∩ R[x1, . . . , xn].
If f, g ∈ I with [f ]xu = [g]xu then f, g ∈ J , so there is h ∈ J with h ← elimxu(f, g).
This in particular implies that h ∈ I, and so I satisfies the monomial elimination
axiom.
Assume now that I ⊆ R[x1, . . . , xn] is a tropical ideal, and let J = IR[x±11 , . . . , x±1n ].
Fix f, g ∈ J with [f ]xu = [g]xu . Take a monomial xv such that fxv, gxv ∈ I. Since
[fxv]xu+v = [gx
v]xu+v , there is h ∈ I satisfying h ← elimxu+v(fxv, gxv). It follows
that hx−v ∈ J satisfies hx−v ← elimxu(f, g), showing that J satisfies the monomial
elimination axiom.
(2) Suppose I ⊆ R[x1, . . . , xn] is a tropical ideal. Since Ih is a homogeneous ideal, it
is enough to prove the monomial elimination axiom for homogeneous polynomials
f, g ∈ Ih of the same degree. Suppose [f ]xu = [g]xu , and let u′ be the last n
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coordinates of u. Then f ′ := f |x0=0, g′ := g|x0=0 ∈ I, and [f ′]xu′ = [g′]xu′ . By the
monomial elimination axiom for I there is h′ ∈ I with h′ ← elimxu′ (f ′, g′). Then
h := x
deg(f)−deg(h′)
0 h˜
′ satisfies h← elimxu(f, g), showing that Ih is a tropical ideal.
Conversely, suppose J ⊆ R[x0, . . . , xn] is a homogeneous tropical ideal, and let
f, g ∈ J |x0=0 with [f ]xu = [g]xu . Without loss of generality we may assume that
d := deg(f˜) − deg(g˜) ≥ 0. Take c ∈ N such that xc0f˜ , xc+d0 g˜ ∈ J . Denote e =
c + deg(f˜) − |u|. By the monomial elimination axiom for J there is h ∈ J with
h← elimxe0xu(xc0f˜ , xc+d0 g˜), and thus h|x0=0 ← elimxu(f, g), which shows that J |x0=0 is
a tropical ideal.
(3) Suppose that f, g ∈ (I : m) with [f ]xu = [g]xu . Then mf,mg ∈ I, with [mf ]mxu =
[mg]mxu , so there exists h ∈ I with h← elimmxu(mf,mg). Thus every term of h is
divisible by m, and so h′ := h/m ∈ (I : m) satisfies h′ ← elimxu(f, g), as desired.
We have I ⊆ (I : m) ⊆ (I : m2) ⊆ · · · . Since these are all tropical ideals, by the
ascending chain condition [MR18, Theorem 3.11] this chain stabilizes, so there is N ≥ 0
for which (I : mk) = (I : mN) for all k ≥ N . We then have (I : m∞) = (I : mN),
which shows that (I : m∞) is a tropical ideal.
When m =
∏n
i=1 xi, if m
kf ∈ I then f = 1/mk(mkf) ∈ IR[x±11 , . . . , x±1n ], so
(I : m∞) ⊆ IR[x±11 , . . . , x±1n ] ∩ R[x1, . . . , xn]. Conversely, if g ∈ IR[x±11 , . . . , x±1n ] ∩
R[x1, . . . , xn], we have that g = xuf for f ∈ I and xu a (possibly Laurent) monomial.
Setting k = −min{ui : ui < 0}, we get mkg ∈ I.
The last claim follows from the fact that J = IR[x±11 , . . . , x±1n ]. 
We next recall the Gro¨bner theory developed in [MR18, §3]. For w ∈ Rn and f =⊕
u∈Nn cux
u ∈ R[x1, . . . , xn], the initial term of f with respect to w is
inw(f) :=
⊕
u : cu+u·w=f(w)
xu ∈ B[x1, . . . , xn].
For a tropical ideal I we define the initial ideal with respect to w as
inw(I) := 〈inw(f) | f ∈ I〉 ⊆ B[x1, . . . , xn].
Note that in fact inw(I) is equal to the set {inw(f) | f ∈ I}, as this set is already closed under
tropical addition, scalar multiplication, and multiplication by any monomial. Analogous
definitions apply for polynomials and ideals in the Laurent polynomial ring R[x±11 , . . . , x±1n ],
and also when the coefficients are in B.
We have the following relationships between initial ideals.
Lemma 2.2.
(1) If I ⊆ R[x1, . . . , xn] is a tropical ideal and w ∈ Rn then
inw(IR[x±11 , . . . , x±1n ]) = inw(I)B[x±11 , . . . , x±1n ].
(2) If I ⊆ R[x0, . . . , xn] is a homogeneous tropical ideal and w ∈ Rn then
inw(I|x0=0) = in(0,w)(I)|x0=0.
(3) If I ⊆ R[x±11 , . . . , x±1n ] is a tropical ideal and w ∈ Rn then
inw(I) ∩ B[x1, . . . , xn] = (inw(I ∩ R[x1, . . . , xn]) : (
∏n
i=1 xi)
∞).
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Proof. (1) Let f ∈ IR[x±11 , . . . , x±1n ]. Then f = xuf ′ for some Laurent monomial xu
and f ′ ∈ I, so inw(f) = xu inw(f ′) ∈ inw(I)B[x±11 , . . . , x±1n ]. Conversely, let g ∈
inw(I)B[x±11 , . . . , x±1n ]. Then g = xug′ for some Laurent monomial xu and g′ ∈ inw(I).
Write g′ = inw(f) for f ∈ I. Then xuf ∈ IR[x±11 , . . . , x±1n ], so g = xu inw(f) =
inw(x
uf) ∈ inw(IR[x±11 , . . . , x±1n ]).
(2) If f ∈ I then in(0,w)(f)|x0=0 = inw(f |x0=0) ∈ inw(I|x0=0), so in(0,w)(I)|x0=0 ⊆
inw(I|x0=0). Conversely, if g ∈ inw(I|x0=0) then g = inw(f |x0=0) for some f ∈ I,
so g = in(0,w)(f)|x0=0 ∈ in(0,w)(I)|x0=0.
(3) If f ∈ inw(I) ∩ B[x1, . . . , xn] then f = inw(g) for g ∈ I. Choose a monomial
xu with xug ∈ R[x1, . . . , xn]. Then xuf = inw(xug) ∈ inw(I ∩ R[x1, . . . , xn]), so
f ∈ (inw(I ∩ R[x1, . . . , xn]) : (
∏n
i=1 xi)
∞). Conversely, if f ∈ (inw(I ∩ R[x1, . . . , xn]) :
(
∏n
i=1 xi)
∞) then there is g ∈ I ∩ R[x1, . . . , xn] with xuf = inw(g). Then x−ug ∈ I,
and f = inw(x
−ug) ∈ inw(I), as required. 
If I ⊆ R[x0, . . . , xn] is a homogeneous tropical ideal, its Hilbert function is the map
HI : N→ N given by d 7→ rank(Mat(Id)), where Id is the degree-d part of I. More specifically,
HI(d) is the size of any maximal subset B of monomials of degree d with the property
that B does not contain the support of any polynomial in Id. For w ∈ Rn the initial ideal
inw(I) ⊆ B[x0, . . . , xn] is a homogeneous tropical ideal, and Hinw(I) = HI [MR18, Corollary
3.6].
2.2. Monomial term orders. In commutative algebra over a field, Gro¨bner theory usually
begins with monomial term orders. We now introduce these for the semiring of tropical
polynomials.
Definition 2.3. A total order ≺ on the monomials in R[x1, . . . , xn] is a monomial term order
if
xu ≺ xu′ implies xu+v ≺ xu′+v for all monomials xv,
and
xu ≺ x0
for all monomials xu 6= x0.
The direction of the inequality in the second condition is to make this compatible with the
min convention for initial ideals that we use in this theory. It is the opposite of the usual
order, but is not the tropical analogue of a local order in usual Gro¨bner theory.
Example 2.4. Two central examples of monomial term orders are the lexicographic and
reverse-lexicographic term orders. The lexicographic term order ≺lex on R[x1, . . . , xn] has
xu ≺lex xv if the first nonzero entry of u − v is positive. The reverse-lexicographic term
order ≺revlex on R[x1, . . . , xn] has xu ≺revlex xv if deg(xu) > deg(xv), or deg(xu) = deg(xv)
and the last nonzero entry of u− v is negative. Note that these are the reverse of the usual
orders, to be compatible with the min convention. For example,
x21 ≺lex x1x22 ≺lex x2 ≺lex x23 ≺lex 0,
and
x33 ≺revlex x22 ≺revlex x1x3 ≺revlex 0,
where 0 denotes the constant monomial x01x
0
2x
0
3. ♦
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Definition 2.5. Let ≺ be a monomial term order on R[x1, . . . , xn]. The initial term of a
tropical polynomial f =
⊕
cux
u ∈ R[x1, . . . , xn] is in≺(f) = xv, where xv = min≺{xu : cu 6=
∞}. The initial ideal of an ideal I ⊆ R[x1, . . . , xn] is the monomial ideal
in≺(I) := 〈in≺(f) : f ∈ I〉.
As with traditional Gro¨bner bases, one use of monomial initial ideals is that they give
distinguished bases for the matroids associated to a tropical ideal.
Lemma 2.6. Let I ⊆ R[x1, . . . , xn] be a tropical ideal and let ≺ be a monomial term order.
Then for any finite collection E of monomials in R[x1, . . . , xn] the set of monomials in
E \ {in≺(f) : f ∈ I|E} is a basis of Mat(I|E). In particular, if I is a homogeneous tropical
ideal, HI(d) = Hin≺(I)(d) for all d ≥ 0.
Proof. If the set B := E \ {in≺(f) : f ∈ I|E} were not an independent set of the matroid
Mat(I|E), then there would be f ∈ I with support in B. We would then have in≺(f) ∈ B,
contradicting the definition of B. To show that B is a basis we show that for all xu ∈ E \B
there is f ∈ I supported in B ∪ {xu}. To see this, fix xu ∈ E \B. We have xu = in≺(f) for
f ∈ I|E. We may assume that f has been chosen so that the smallest xv ∈ supp(f)\(B∪{xu})
(if any exists) with respect to ≺ is as large as possible; this is possible because E is finite.
For such a minimal xv ∈ supp(f) \ (B ∪ {xu}), there is a polynomial fv ∈ I|E with
in≺(fv) = xv, where we may assume that the coefficient of xv in fv is 0. Since xu ≺ xv,
we have xu 6∈ supp(fv). Let α be the coefficient of xv in f , and let f ′ ∈ I|E be an
elimination f ′ ← elimxv(f, αfv). We have in≺(f ′) = xu, and the smallest monomial in
supp(f ′) \ (B ∪ {xu}) is larger than xv, which contradicts the construction of f . We thus
conclude that there is f ∈ I with in≺(f) = xu, and supp(f) ⊆ B ∪ {xu}, as claimed.
For a homogeneous ideal I and d ≥ 0, take E to be the collection of monomials of degree
d. We then have that the set of monomials of degree d not in in≺(I) is a basis for Mat(Id),
as in≺(Id) = (in≺(I))d for homogeneous ideals. This implies the equality of Hilbert functions
Hin≺(I)(d) = HI(d). 
The following lemma states that for a fixed tropical ideal I every initial ideal with respect
to a monomial term order is also an initial ideal with respect to a weight vector w ∈ Rn. The
proof is very similar to the classical case; see [Stu96, Proposition 1.11].
The recession cone of a polyhedron P is the largest cone C for which the Minkowski sum
P + C ⊆ P . Equivalently, the recession cone of a nonempty polyhedron {x : Ax ≤ b} is the
cone {x : Ax ≤ 0}.
Lemma 2.7. Let I be a homogeneous tropical ideal in R[x0, . . . , xn], and let ≺ be a monomial
term order. There is a nonempty polyhedron C≺ ⊆ Rn+1 with an (n+1)-dimensional recession
cone, with the property that inw(I) = in≺(I) for all w in the interior of C≺.
Proof. Let xu1 , . . . ,xus be the minimal generators of the monomial ideal in≺(I). Write B|ui|
for the monomials in R[x0, . . . , xn] of degree |ui| not in in≺(I), which form a basis for Mat(Id)
by Lemma 2.6. For any 1 ≤ i ≤ s, there exists a homogeneous polynomial gi ∈ I with
supp(gi) ⊆ B|ui| ∪ {xui}, corresponding to the fundamental circuit of xui over B|ui|. After
scaling, we can write gi = x
ui ⊕⊕v∈B|ui| civxv. Let C≺ be the closure of the set
C◦≺ = {w ∈ Rn+1 : w · ui < civ + w · v for all 1 ≤ i ≤ s and xv ∈ supp(gi) \ {xui}}.
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For any w ∈ C◦≺ we have inw(gi) = xui for all i, and so in≺(I) ⊆ inw(I). We have
Hinw(I)(d) = HI(d) = Hin≺(I)(d) for all d ≥ 0 by [MR18, Corollary 3.6] and Lemma 2.6. Thus
we cannot have in≺(I) properly contained in inw(I), as otherwise we would have a proper
containment of the sets of cycles of two matroids with the same rank [Oxl92, Corollary 7.3.4].
It thus remains to show that C≺ is nonempty and has a full-dimensional recession cone.
Form the matrix U with n+ 1 columns whose ` rows are the vectors −v + ui for 1 ≤ i ≤ s
and xv ∈ supp(gi) \ {xui}. If C◦≺ is empty, then there is no w ∈ Rn+1 for which Uw < c,
where the (i,v)th entry of c is civ, and the inequality is coefficientwise. There is thus also
no w ∈ Rn+1≤0 with Uw ≤ c′, where c′i = min(ci, 0)− 1. Let U ′ be the (`+ n+ 1)× (n+ 1)
matrix with first ` rows equal to U , and the last n + 1 rows an identity matrix. There is
thus no w ∈ Rn+1 with U ′w ≤ (c′,0)T . By the Farkas lemma ([Zie95, Proposition 1.7])
there is thus b ∈ R`+n+1≥0 with b 6= 0 and bTU ′ = 0. Since U ′ has integral entries, we may
choose b ∈ N`+n+1. Write bi,v for the component of b corresponding to the row −v + ui of
U ′. Then since b ≥ 0, we must have ∑i,v bi,v(−v + ui) ≤ 0. This means that ∏i,v(xui)bi,v
divides
∏
i,v(x
v)bi,v , so
∏
i,v(x
ui)bi,v  ∏i,v(xv)bi,v . But xui ≺ xv for all 1 ≤ i ≤ s and all
xv ∈ supp(gi) \ {xui}, so
∏
i,v(x
ui)bi,v ≺∏i,v(xv)bi,v . From this contradiction we conclude
that C◦≺ is nonempty, and thus C≺ is nonempty as well.
Finally, note that the argument in the previous paragraph applies verbatim substituting c
by 0 to show that the open cone
{w ∈ Rn+1 : w · ui < w · v for all 1 ≤ i ≤ s and xv ∈ supp(gi) \ {xui}}
is nonempty. The recession cone of C≺ is the closure of this cone, so it is full dimensional. 
Example 2.8. Let I ⊆ R[x0, x1, x2] be the ideal of the point [0 : 0 : 0] ∈ trop(P2). This
is tropicalization of the ideal 〈x1 − x0, x2 − x0〉 ⊆ K[x0, x1, x2] for any field K. Let ≺ be
the reverse lexicographic term order with x0 ≺ x1 ≺ x2. Then in≺(I) = 〈x0, x1〉. The cone
C◦≺ from the proof of Lemma 2.7 is C
◦
≺ = {w ∈ R3 : w0 < w2, w1 < w2}. Note that while
inw(I) = in≺(I) for all w ∈ C◦≺, we do not have inw(f) = in≺(f) for all f ∈ I and w ∈ C◦≺.
For example, in≺(x0 ⊕ x1) = x0, while in(1,0,2)(x0 ⊕ x1) = x1. ♦
2.3. Varieties of tropical ideals. The variety of a tropical ideal I ⊆ R[x1, . . . , xn] is
V (I) := {w ∈ Rn : f(w) =∞, or the minimum in f(w) is attained at least twice}.
The variety of an ideal I ⊆ R[x±11 , . . . , x±1n ] is defined similarly:
V (I) := {w ∈ Rn : the minimum in f(w) is attained at least twice}.
For a homogeneous ideal I ⊆ R[x0, . . . , xn], we can think of its variety as a subset of
trop(Pn) = (Rn+1 \ (∞, . . . ,∞))/R(1, . . . , 1),
namely
V (I) := {[w] ∈ trop(Pn) : f(w) =∞, or the min in f(w) is attained at least twice}.
See [MR18, §4] for more on this.
Theorem 5.11 of [MR18] proves that if I is a tropical ideal in R[x±11 , . . . , x±1n ], R[x1, . . . , xn],
or a homogeneous tropical ideal in R[x0, . . . , xn], the variety V (I) is the support of a finite
R-rational polyhedral complex in either Rn, Rn, or trop(Pn) respectively. Here by R-rational
we mean that every polyhedron in it has a rational normal fan (but not necessarily rational
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vertices). One source of this polyhedral complex structure in the homogeneous case is the
Gro¨bner complex of I. This is the finite R-rational polyhedral complex for which w and w′
live in the same relatively open polyhedron if and only if inw(I) = inw′(I); see [MR18, §5].
We have the following relationships between the varieties of ideals.
Lemma 2.9.
(1) Let I ⊆ R[x±11 , . . . , x±1n ] be a tropical ideal, and let J = I ∩ R[x1, . . . , xn]. Then
V (J) ∩ Rn = V (I).
(2) Let I ⊆ R[x1, . . . , xn] be a tropical ideal. Then
V (Ih) ∩ {[w] : w0 = 0} = {[0,w′] : w′ ∈ V (I)}.
Proof. (1) Since every polynomial in J is also in I, we have the inclusion V (I) ⊆ V (J)∩Rn.
Now suppose w ∈ Rn is not in V (I). Then there is f ∈ I with inw(f) a monomial.
Choose xu with xuf ∈ J . Then inw(xuf) = xu inw(f) is also a monomial, so
w 6∈ V (I).
(2) For any w ∈ Rn+1, write w′ for the projection of w onto the last n coordinates. Then
for every f ∈ I and w ∈ Rn+1 with w0 = 0, the minimum in f˜(w) is attained twice if
and only if the minimum in f(w′) is attained twice, and so w ∈ V (Ih) if and only
w′ ∈ V (I). 
For realizable tropical ideals the variety of an initial ideal with respect to w is the star of
the variety at w. We now extend this to all tropical ideals.
Let Σ be a polyhedral complex in Rn, and let σ be a cell of Σ. The linear span of σ is the
linear subspace
span(σ) := span{x− y : x,y ∈ σ}.
The star starΣ(σ) of Σ at σ is a polyhedral fan whose cones are indexed by the cells τ of
Σ containing σ. The cone indexed by such a τ is the convex cone τ := cone{x − y : x ∈
τ and y ∈ σ}. Equivalently, if w ∈ relint(σ), we have
τ = {v ∈ Rn : w + v ∈ τ for all 0 <  1}.
The fan starΣ(σ) has lineality space equal to span(σ).
If w ∈ Rn lies in the support of Σ, we set
starΣ(w) := starΣ(σ),
where σ is the cell of Σ for which w ∈ relint(σ). If w is not in the support of Σ we set
starΣ(w) = ∅.
Proposition 2.10. Fix a tropical ideal I ⊆ R[x±11 , . . . , x±1n ], and v,w ∈ Rn. Then we have
inv(inw(I)) = inw+v(I)
for 0 <  1, and thus
V (inw(I)) = starV (I)(w).
Proof. For any f ∈ R[x±11 , . . . , x±1n ], inv(inw(f)) = inw+v(f) for small enough  > 0. Let
Ih ⊆ R[x0, . . . , xn] denote the homogenization of the ideal I ∩ R[x1, . . . , xn], and consider
w˜ := (0,w) ∈ Rn+1 and v˜ := (0,v) ∈ Rn+1. Since the Gro¨bner complex of Ih is a finite
polyhedral complex, there is  > 0 for which the ideal inw˜+′v˜(I
h) is constant for all 0 < ′ < .
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If inw˜+′v˜(I
h) is different from inv˜(inw˜(I
h)) then the two ideals differ in some degree d.
Their degree d parts are generated by the corresponding initial forms of the (finitely many)
circuits of Ihd , and we can take 
′ small enough so that for any such circuit f we have
inv˜(inw˜(f)) = inw˜+′v˜(f), which is a contradiction. Finally, we have that I = I
h|x0=0, and so
by Part 2 of Lemma 2.2 we get that for any 0 < ′ < ,
inv(inw(I)) = inv˜(inw˜(I
h))|x0=0 = inw˜+′v˜(Ih)|x0=0 = inw+′v(I).
The fact that V (inw(I)) = starV (I)(w) then follows directly from the definitions. 
Later in Proposition 6.4 we show that the equality V (inw(I)) = starV (I)(w) is in fact an
equality of weighted polyhedral fans.
Any v ∈ Zn induces a grading of the semiring R[x±11 , . . . , x±1n ], by setting deg(xi) = vi, so
the degree of a term cxu is v · u ∈ Z. If L ⊆ Rn is a rational d-dimensional linear subspace,
fixing a basis v1,v2, . . . ,vd of L with vi ∈ Zn for all i gives then rise to a Zd-grading on
R[x±11 , . . . , x±1n ], where the degree of a term cxu is (v1 · u, . . . ,vd · u) ∈ Zd.
Corollary 2.11. Let I ⊆ R[x±11 , . . . , x±1n ] be a tropical ideal, and let w ∈ V (I) lie in the
relative interior of a cell σ of the Gro¨bner complex of I. Then inw(I) is homogeneous with
respect to the grading by v for any v ∈ span(σ). Thus inw(I) is homogeneous with respect to
a Zdim(σ)-grading induced by span(σ).
Proof. By Proposition 2.10, if v ∈ span(σ) then for 0 <  1 we have inw(I) = inw+v(I) =
inv(inw(I)). This shows that inw(I) is generated by polynomials of the form inv(f) with
f ∈ B[x±11 , . . . , x±1n ], and thus homogeneous with respect to the grading by v. 
There is a tight connection between the tropicalization of a classical variety over the same
field with a nontrivial and trivial valuation. We now extend this to tropical ideals. Let
ϕ : R→ B be the semiring homomorphism defined by ϕ(a) = 0 if a 6=∞, and ϕ(∞) =∞.
This induces a semiring homomorphism
ϕ : R[x1, . . . , xn]→ B[x1, . . . , xn].
The image ϕ(I) of I is a tropical ideal in B[x1, . . . , xn], called the trivialization of I; in fact,
we have Mat(ϕ(I)|E) = Mat(I|E) for any finite collection E of monomials. For a monomial
term order ≺ we have in≺(I) = in≺(ϕ(I)). The same notions apply to ideals in the Laurent
polynomial semiring R[x±11 , . . . , x±1n ].
The set of the recession cones of all polyhedra in a polyhedral complex Σ is not always a
fan, as the cones may not intersect correctly; see, for example, [BGS11]. However, when X
is a subvariety of (K∗)n and Σ is a polyhedral complex structure on trop(X), then this set
is a rational polyhedral fan [MS15, Theorem 3.5.6]. We now show that this generalizes to
tropical ideals.
We will make use of the following notation. The normal complex N (f) of a polynomial
f ∈ R[x0, . . . , xn] is the R-rational polyhedral complex in Rn+1 whose polyhedra are the
closures of the sets C[w] = {w′ ∈ Rn+1 : inw′(f) = inw(f)} for w ∈ Rn+1.
Proposition 2.12. Let I ⊆ R[x0, . . . , xn] be a homogeneous tropical ideal. The Gro¨bner
complex in Rn+1 of the trivialization ϕ(I) is the recession fan of the Gro¨bner complex of I in
Rn+1. The maximal cones of this fan correspond to the monomial initial ideals of I of the
form in≺(I) with ≺ a monomial term order. In addition, if Σ is a polyhedral complex with
|Σ| = V (I), then the support of the recession fan of Σ is V (ϕ(I)).
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Proof. For any d ≥ 0, denote by Mond the set of monomials in R[x0, . . . , xn] of degree d, and
let p :
(
Mond
rd
)→ R be the basis valuation function of the rank rd valuated matroid Mat(Id).
Consider the polynomial
Fd :=
⊕
B basis of Mat(Id)
p(B)◦·
 ∏
xu∈Mond \B
xu
 ∈ R[x0, . . . , xn].
Theorem 5.6 of [MR18] shows that for D  0, the Gro¨bner complex of I is equal to the
normal complex N (F ) of the polynomial F = ∏d≤D Fd. In a similar way, the Gro¨bner fan
of the trivialization ϕ(I) is the normal complex N (G) of the polynomial G = ∏d≤DGd ∈
B[x0, . . . , xn], where
Gd :=
⊕
B basis of Mat(Id)
 ∏
xu∈Mond \B
xu
 ∈ B[x0, . . . , xn]
and D  0. Note that G = ϕ(F ). The statement that the Gro¨bner fan of ϕ(I) is the
recession fan of the Gro¨bner complex of I follows then from the fact that for any polynomial
f , the normal complex of ϕ(f) is the recession fan of the normal complex of f . Indeed, the
normal complex of f is a polyhedral complex dual to the regular subdivision of the Newton
polytope NP(f) of f induced by the coefficients of f , and its recession fan is the normal fan
of NP(f), which is the normal complex of ϕ(f).
We now show that the maximal cones of the Gro¨bner fan Σ of ϕ(I) correspond to monomial
initial ideals in≺(I) with ≺ a monomial term order. Lemma 2.7 ensures that any monomial
initial ideal in≺(I) = in≺(ϕ(I)) is equal to inw(ϕ(I)) for w in the relative interior of a
maximal cone of Σ. Conversely, suppose C is a maximal cone of Σ, and take w ∈ C with all
its coordinates linearly independent over Q. Since ϕ(I) is homogeneous, we can subtract a
large multiple of (1, . . . , 1) and assume that all the entries of w are negative. The ordering
on monomials given by xu ≺ xv if w · u ≤ w · v is then a total order, and it satisfies the two
conditions for it to be a monomial term order. By definition, we have in≺(I) = inw(ϕ(I)),
and thus the cone C corresponds to the monomial initial ideal in≺(I).
Finally, to prove the claim about the tropical varieties, we first observe the analogous claim
for a single tropical polynomial f ∈ R[x0, . . . , xn]. The variety V (f) is the codimension-one
skeleton of the normal complex to the subdivision of the Newton polytope NP(f) of f induced
by the coefficients of f . Maximal cells of V (f) are dual to edges of this subdivision. These
cells are unbounded, so have a nontrivial recession cone, only if the dual edge is part of an
edge of the Newton polytope NP(f). In that case the recession cone of the cell is the normal
cone to the edge. Since V (ϕ(f)) is the codimension-one skeleton of the normal fan of NP(f),
and the maximal cells of NP(f) are the normal cones to edges; this proves the claim for a
single tropical polynomial.
For the general case, by [MR18, Theorem 5.9] there exists a finite collection f1, . . . , fs
of polynomials in I that form a tropical basis for I and for which ϕ(f1), . . . , ϕ(fs) form a
tropical basis for ϕ(I), meaning that V (I) =
⋂s
i=1 V (fi) and V (ϕ(I)) =
⋂s
i=1 V (ϕ(fi)). The
result then follows from the fact that the recession cone of the intersection of two polyhedra is
the intersection of the two recession cones, and so the recession fan of the intersection of the
complexes V (fi) for 1 ≤ i ≤ s equals the intersection of the fans V (ϕ(fi)), as required. 
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Figure 1. The Gro¨bner complex and its recession fan from Example 2.13.
Example 2.13. Let J = 〈xy+ xz+ yz+ 2z2〉 ⊆ Q[x, y, z], where Q has the 2-adic valuation,
and let I = trop(J). The Gro¨bner complex of I is the normal complex N (xy ⊕ xz ⊕ yz ⊕
1◦· z2), shown on the left of Figure 1 with the lineality space R(1, 1, 1) quotiented out. The
Gro¨bner complex of the trivialization ϕ(I) is the normal complex N (xy ⊕ xz ⊕ yz ⊕ z2),
shown on the right of Figure 1. Note that the second complex is the recession fan of the first.
♦
3. Specialization
In this section we prove that the class of tropical ideals is closed under specialization of
the variables (Theorem 3.6).
Definition 3.1. If f ∈ R[x1, . . . , xn, y1, . . . , ym] and a = (a1, . . . , am) ∈ Rm, we write
f |y=a := f(x1, . . . , xn, a1, . . . , am) ∈ R[x1, . . . , xn]. For an ideal I ⊆ R[x1, . . . , xn, y1, . . . , ym],
we denote by I|y=a the set
I|y=a := {f |y=a : f ∈ I} ⊆ R[x1, . . . , xn],
and call it the specialization of I at y = a. Note that I|y=a is an ideal in R[x1, . . . , xn].
For any polynomial f ∈ R[x1, . . . , xn, y1, . . . , ym] and any monomial xu in the variables
x1, . . . , xn, we denote by fu ∈ R[y1, . . . , ym] the coefficient of xu in f viewed as a polynomial
in x1, . . . , xn, so
f(x1, . . . , xn, y1, . . . , ym) =
⊕
u∈Nn
fu(y)◦· xu.
Our main result in this section is that if I is a tropical ideal then any specialization of I is
also a tropical ideal. The proof boils down to the following lemma. For tropical polynomials
f, g we write f ≥ g if the inequality holds coefficientwise.
Lemma 3.2. Let I be a tropical ideal in R[x1, . . . , xn, y1, . . . , ym]. Suppose that xu,xv are
monomials in the variables x1, . . . , xn. If f, g ∈ I satisfy fu(0) ≤ gu(0), and fv(0) > gv(0),
then there is h ∈ I with hu = ∞, hv(0) = gv(0), h|y=0 ≥ f |y=0 ⊕ g|y=0, and in0(hv) =
in0(gv).
Proof. If gu =∞ then we can take h = g, so henceforth we assume that gu 6=∞. The proof
is by induction on m. In the case m = 0 the polynomials fu, fv, gu, and gv are all constants,
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and the claim is true for an elimination h← elimxu((gu − fu)◦· f, g). We now assume that
m > 0 and that the lemma is true for smaller m.
Throughout the proof, we make use of the induction hypothesis and apply the lemma
by regarding the variable ym as an x variable. For a polynomial h ∈ I we write h(u,j) ∈
R[y1, . . . , ym−1] for the coefficient of xuyjm in h viewed as a polynomial in x1, . . . , xn, ym, so
h(x1, . . . , xn, y1, . . . , ym) =
⊕
u∈Nn
j∈N
h(u,j)(y1, . . . , ym−1)◦· xuyjm.
Note that for any u ∈ Nn we have
hu(y1, . . . , ym) =
⊕
j∈N
h(u,j)(y1, . . . , ym−1)◦· yjm.
We denote by degym(hu) the maximum j such that h(u,j) 6=∞.
Now, suppose the lemma is not true for the tropical ideal I and the monomials xu,xv.
Choose a counterexample f, g ∈ I which is minimal in the sense that (degym(gu), degym(fu)) ∈
N× N is lexicographically minimal among all counterexamples f, g ∈ I. Consider the sets
F := {h ∈ I : h|y=0 ≥ f |y=0 ⊕ g|y=0 and hv(0) > gv(0)},
G := {h ∈ I : h|y=0 ≥ f |y=0 ⊕ g|y=0 and hv(0) = gv(0)}.
Note that f ∈ F and g ∈ G. Moreover, regarding ym as an x variable, any application
of the lemma to monomials xuyjm and x
vykm in polynomials h1 ∈ F and h2 ∈ G with
(h2)(v,k)(0) = gv(0) yields a polynomial h3 ∈ G. Similarly, any application of the lemma to
any two monomials in polynomials h1, h2 ∈ F gives a polynomial h3 ∈ F .
Set
d := degym(fu) ∈ N and α := f(u,d)(0) ∈ R,
and similarly
e := degym(gu) ∈ N and β := g(u,e)(0) ∈ R.
Claim 3.3. There is no h ∈ G with c := degym(hu) ≤ d and γ := h(u,c)(0) < α.
Suppose that such an h ∈ G exists. Set h′ = (α − γ)◦· yd−cm ◦· h ∈ F , so that both fu
and h′u are polynomials of degree d in ym and h
′
(u,d)(0) = α. Since fu(0) ≤ hu(0) ≤
γ < α, there is j < d with f(u,j)(0) = fu(0). We have h
′
(u,d)(0) = α = f(u,d)(0) and
h′(u,j)(0) > h(u,j)(0) ≥ hu(0) ≥ fu(0) = f(u,j)(0), so we can apply the lemma to the
monomials xuydm and x
uyjm in the polynomials h
′ and f to obtain a polynomial f ′ ∈ F with
f ′(u,d) =∞ and f ′u(0) = f ′(u,j)(0) = fu(0). Since degym(f ′u) < d, our minimality assumption
implies that f ′, g satisfy the statement of the lemma, so there is h ∈ I with hu = ∞,
h|y=0 ≥ f ′|y=0 ⊕ g|y=0 ≥ f |y=0 ⊕ g|y=0 and in0(hv) = in0(gv). But then h contradicts the
assumption that f and g were a counterexample to the lemma, finishing the proof of the
claim.
Claim 3.4. There is no h ∈ F with c := degym(hu) ≤ e and γ := h(u,c)(0) ≤ β.
Suppose that such an h ∈ F exists. Set h′ = ye−cm ◦· h ∈ F , so that both h′u and gu are
polynomials of degree e in ym. Fix j such that g(v,j)(0) = gv(0). We have h
′
(u,e)(0) = γ ≤
g(u,e)(0) and h
′
(v,j)(0) ≥ h′v(0) = hv(0) > gv(0) = g(v,j)(0), so we can apply the lemma to
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the monomials xuyem and x
vyjm in the polynomials h
′ and g to obtain a polynomial gj ∈ G
with gj(u,e)(0) = ∞, gj(v,j)(0) = g(v,j)(0) = gv(0), and in0(gj(v,j)) = in0(g(v,j)). Let g′ ∈ G
be the sum of all gj over all such choices of j. Then g′(u,e)(0) = ∞, and g′v(0) = gv(0).
Since in0(gv) =
⊕
j in0(g(v,j)), this implies that in0(g
′
v) = in0(gv). Since degym(g
′
u) < e, our
minimality assumption implies that f, g′ satisfy the statement of the lemma, so there is h ∈ I
such that hu = ∞, hv(0) = g′v(0) = gv(0), h|y=0 ≥ f |y=0 ⊕ g′|y=0 ≥ f |y=0 ⊕ g|y=0, and
in0(hv) = in0(g
′
v) = in0(gv). Such an h contradicts the assumption that f and g were a
counterexample to the lemma, so this finishes the proof of the claim.
Since g ∈ G, Claim 3.3 implies that if α > β then d < e. Also, since f ∈ F , Claim 3.4
implies that if α ≤ β then d > e. We now show that both of these cases are impossible, which
leads to a contradiction to our original assumption that the counterexample exists.
• Case α > β and d < e. We inductively construct an infinite sequence of polynomials
f1, f2, . . . ∈ F satisfying the following conditions:
(1) For all i we have (fi)u(0) = fu(0).
(2) Set di := degym((fi)u) and αi := (fi)(u,di)(0). We have αi > β and di < e for all i.
(3) Set li := max{j : (fi)(u,j)(0) = fu(0)}. We have l1 < l2 < · · · .
Set f1 := f , and suppose that we have constructed fi ∈ F . To construct fi+1, set f ′i =
ye−dim ◦· fi ∈ F and g′i = (αi−β)◦· g ∈ F , so that both (f ′i)u and (g′i)u are polynomials of degree
e in ym and (f
′
i)(u,e)(0) = αi = (g
′
i)(u,e)(0). Since (f
′
i)u(0) = (fi)u(0) = fu(0), there is k such
that (f ′i)(u,k)(0) = fu(0). Take k to be the largest possible such value, which is equal to
(e− di) + li. We have (g′i)(u,e)(0) = (f ′i)(u,e)(0) and (g′i)(u,k)(0) > g(u,k)(0) ≥ gu(0) ≥ fu(0) =
(f ′i)(u,k)(0), so k 6= e, and we can apply the lemma to the monomials xuyem and xuykm in the
polynomials g′i and f
′
i to obtain a polynomial fi+1 ∈ F with (fi+1)(u,e) =∞ and (fi+1)u(0) =
(fi+1)(u,k)(0) = fu(0). We have li+1 := max{j : (fi+1)(u,j) = fu(0)} = k = (e − di) + li, so
li+1 > li. Furthermore, note that di+1 := degym((fi+1)u) < e, so by Claim 3.4 we must also
have αi+1 > β. This all shows that fi+1 satisfies the desired properties. We conclude this
case by noting that the sequence l1 < l2 < · · · is a strictly increasing infinite sequence of
integers bounded above by e, which is a contradiction.
•Case α ≤ β and d > e. We inductively construct a sequence of polynomials g1, g2, . . . ∈ G
satisfying the following conditions:
(1) Set ei := degym((gi)u) and βi := (gi)(u,ei)(0). We have α ≤ βi and d > ei for all i.
(2) Let li := min{j : (gi)(v,j) = gv(0)}. We have l1 < l2 < · · · .
Set g1 := g, and suppose that we have constructed gi ∈ G. To construct gi+1, set g′i =
yd−eim ◦· gi ∈ G, so that both fu and (g′i)u are polynomials of degree d in ym. Set k := (d−ei)+li,
which is the minimum value satisfying (g′i)(v,k)(0) = gv(0). We have f(u,d)(0) = α ≤
βi = (g
′
i)(u,d)(0) and f(v,k)(0) ≥ fv(0) > gv(0) = (g′i)(v,k)(0), so we can apply the lemma
to the monomials xuydm and x
vykm in the polynomials f and g
′
i to obtain a polynomial
gi+1 ∈ G with (gi+1)(u,d)(0) = ∞, and (gi+1)(v,k)(0) = (g′i)(v,k)(0) = gv(0). We have
li+1 := min{j : (gi+1)(v,j) = gv(0)} = k = (d − ei) + li, so li+1 > li. This all shows that
gi+1 satisfies the desired properties. Now, as the sequence of degrees e1, e2, . . . is an infinite
sequence of integers bounded above by d, it must contain an infinite constant subsequence
ei1 = ei2 = · · · . This contradicts the following claim.
Claim 3.5. There is no infinite sequence of polynomials g1, g2, . . . ∈ G satisfying the condition
l1 < l2 < · · · of (2) with degym((g1)u) = degym((g2)u) = · · · .
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To prove the claim, suppose such a sequence g1, g2, . . . ∈ G exists, and assume c :=
degym((g1)u) = degym((g2)u) = · · · is minimal among all such sequences. Set βi := (gi)(u,c)(0).
For any j > 0, let g′2j−1 = max(0, β2j − β2j−1)◦· g2j−1 and g′2j = max(0, β2j−1 − β2j)◦· g2j, so
that both (g′2j−1)u and (g
′
2j)u are polynomials of degree c in ym satisfying (g
′
2j−1)(u,c)(0) =
(g′2j)(u,c)(0). Set l = l2j−1 if β2j−1 ≥ β2j, and l = l2j if β2j−1 < β2j. Note that l
is the minimum value for which either (g′2j−1)(v,l)(0) = gv(0) or (g
′
2j)(v,l)(0) = gv(0),
and that exactly one of these equalities holds. Since (g′2j−1)(u,c)(0) = (g
′
2j)(u,c)(0) and
(g′2j−1)(v,l)(0) 6= (g′2j)(v,l)(0), so c 6= l and we can apply the lemma to the monomials xuycm and
xvylm in the polynomials g
′
2j−1 and g
′
2j (possibly in the reverse order) to obtain a polynomial
g′′j ∈ I with (g′′j )(u,c)(0) = ∞, (g′′j )(v,l)(0) = min((g′2j−1)(v,l)(0), (g′2j)(v,l)(0)) = gv(0), and
g′′j |y=0 ≥ g′2j−1|y=0 ⊕ g′2j|y=0 ≥ f |y=0 ⊕ g|y=0. As min{s : (g′′j )(v,s) = gv(0)} = l, which
is equal to either l2j−1 or l2j, it follows that g′′1 , g
′′
2 , · · · is a sequence of polynomials in G
satisfying condition (2).
Now, since the sequence of degrees degym((g
′′
1)u), degym((g
′′
2)u), . . . is an infinite sequence
of non-negative integers strictly less than c, it must contain an infinite constant subsequence
degym((g
′′
i1
)u) = degym((g
′′
i2
)u) = · · · . The sequence g′′i1 , g′′i2 , . . . is then an infinite sequence of
polynomials in G satisfying condition (2) such that c > degym((g′′i1)u) = degym((g′′i2)u) = · · · ,
which contradicts the minimality of c, showing that no such sequence exists. 
We now use Lemma 3.2 to prove the key specialization theorem. We will also need Lemma
3.2 in its full strength in the proof of the projection theorem in Section 4.
Theorem 3.6. Let I ⊆ R[x1, . . . , xn] be a tropical ideal. For any a ∈ R, the ideal I|xn=a ⊆
R[x1, . . . , xn−1] is also a tropical ideal.
Proof. If a = ∞, the monomial elimination axiom for I|xn=a follows directly from the
monomial elimination axiom for I. Indeed, if f, g ∈ I|xn=∞ then there are F,G ∈ I such
that f = F |xn=∞ and g = G|xn=∞. Suppose xu is a monomial such that [f ]xu = [g]xu 6=∞.
As evaluating the variable xn at ∞ does not change the coefficients of the monomials not
divisible by xn, we also have [F ]xu = [G]xu 6= ∞. Since I is a tropical ideal, there exists
H ∈ I with H ← elimxu(F,G). This implies that h := H|xn=∞ ∈ I|xn=∞ is an elimination
h← elimxu(f, g), showing that I|xn=∞ satisfies the monomial elimination axiom.
Suppose now that a 6= ∞. Consider the ideal I ′ := {f(x1, . . . , xn−1, axn) : f ∈ I} ⊆
R[x1, . . . , xn]. Since I ′ is obtained from I by doing an invertible scaling of the variable xn, the
fact that I is a tropical ideal implies that I ′ is also a tropical ideal. Note that I|xn=a = I ′|xn=0,
and thus we may assume that a = 0.
To show that I|xn=0 is a tropical ideal, fix two polynomials f, g ∈ I|xn=0 and a monomial
xu with [f ]xu = [g]xu 6=∞. Choose F,G ∈ I such that f = F |xn=0 and g = G|xn=0. For any
monomial xv for which Fv(0) 6= Gv(0), we can use Lemma 3.2 to construct a polynomial
Hv ∈ I such that Hu = ∞, Hv(0) = min(Fv(0), Gv(0)), and H|xn=0 ≥ F |xn=0 ⊕ G|xn=0.
Let H ∈ I be the sum of all such polynomials Hv. Then h := H|xn=0 ∈ I|xn=0 satisfies
[h]xu = ∞ and [h]xv ≥ min([f ]xv , [g]xv) for all monomials xv, with the equality holding
whenever [f ]xv 6= [g]xv . This shows that I|xn=0 satisfies the monomial elimination axiom, and
so it is a tropical ideal. 
Remark 3.7. If K is a valued field with an uncountable residue field k, I ⊆ K[x1, . . . , xn] is
an ideal, and a ∈ R is an element of the value group of K, then trop(I)|xn=a = trop(I|xn=α)
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where α is a sufficiently generic element of K with valuation a. To see this, first fix
α0 ∈ K of valuation a. For f ∈ I, write f as a polynomial in x1, . . . , xn−1 with coefficients
in K[xn]. We claim that for each such coefficient g =
∑
cix
i
n and α of valuation a we
have val(g(α)) ≥ trop(g)(a), with equality for all but finitely values of α/α0 ∈ k. The
inequality is immediate from the valuation axioms, so we only need justify the equality
condition. Fix j with val(cjα
j) = trop(g)(a), and note that g = cjα
j
0
∑
i(ciα
i−j
0 /cj)(xn/α0)
i.
Set bi = ciα
i−j
0 /cj and g
′ =
∑
biy
i. By construction val(g(α)) > trop(g)(a) if and only if
val(g′(α/α0)) > trop(g′)(0) = 0. This occurs if and only if α/α0 is one of the finitely many
roots of g′ =
∑
i biyi ∈ k[x1, . . . , xn].
The ideal trop(I)|xn=a is generated by its circuits, which are specializations at xn = a of
circuits of trop(I). These are tropicalizations of polynomials in I, and up to scaling, there are
a countable number of them. There are thus, up to scaling, a countable number of polynomials
in g′ ∈ k[xn] where g is a coefficient of a circuit. We have trop(I)|xn=a = trop(I|xn=α) for all
α ∈ K with val(α) = a and the property that α/α0 is not a root of any of these polynomials
in k[xn].
To see that some hypothesis on the field is necessary, consider the trivial valuation on Z/2Z,
and the ideal I = 〈y2 + y + x〉 ⊆ Z/2Z[x, y]. Then trop(I) ⊆ B[x, y] contains y2 ⊕ y ⊕ x but
does not contain any polynomial in B[y], and is saturated with respect to x. It follows that
trop(I)|y=0 contains x ⊕ 0, but does not contain x. However the only element of Z/2Z with
valuation 0 is 1, so I|y=1 = 〈x〉, and thus trop(I|y=1) is not equal to trop(I)|y=0.
On the other hand, trop(I)|xn=∞ = trop(I|xn=0) holds without any hypothesis on the field.
Corollary 3.8. Let I ⊆ R[x±11 , . . . , x±1n ] be a tropical ideal, and let J = I ∩ R[x1, . . . , xn].
For any a ∈ R the ideal
I|xn=a := {f |xn=a : f ∈ I} ⊆ R[x±11 , . . . , x±1n−1]
equals J |xn=aR[x±11 , . . . , x±1n−1]. Thus I|xn=a is a tropical ideal.
Proof. The equality I|xn=a = J |xn=aR[x±11 , . . . , x±1n−1] follows from I = JR[x±11 , . . . , x±1n ],
and from the fact that for any polynomial f ∈ J and any Laurent monomial xu we have
(fxu)|xn=a = f |xn=a◦· xu|xn=a. Part 1 of Lemma 2.1 and Theorem 3.6 thus imply that I|xn=a
is a tropical ideal. 
The following example shows that polynomials of degree at most d in a specialization are
not necessarily specializations of polynomials of degree at most d in the ideal.
Example 3.9. Let J = 〈x1 − 1, x2 − x3〉 ⊆ C[x1, x2, x3], and let I = trop(J). Consider the
specialization I ′ = I|x3=0. We have x1 ⊕ 0 ∈ I, and thus in x1 ⊕ 0 ∈ I ′. Also, x2 ⊕ x3 ∈ I,
so x2 ⊕ 0 ∈ I ′. Since I ′ is a tropical ideal, the monomial elimination axiom implies that
x1 ⊕ x2 ∈ I ′. However there is no polynomial with tropicalization x1 ⊕ x2 in J ; we need to
set x3 to 0 in the polynomial x1x3 ⊕ x2 = trop(x3(x1 − 1)− (x2 − x3)) ∈ I. ♦
Example 3.9 can be homogenized to show that if I is a homogeneous tropical ideal, the
operation of specializing xn = x0, which is an ideal in R[x0, . . . , xn−1], is not always a tropical
ideal. This can be fixed, however, by saturating appropriately.
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Proposition 3.10. Let I ⊆ R[x0, . . . , xn] be a homogeneous tropical ideal, and denote by
I|x0=0 ⊆ R[x1, . . . , xn] its dehomogenization. For any a ∈ R, we have
(I|xn= ax0 : x∞0 ) = ((I|x0=0)|xn=a)h ⊆ R[x0, . . . , xn−1].
In particular, (I|xn= ax0 : x∞0 ) is a homogeneous tropical ideal.
Proof. For any homogeneous polynomial f ∈ R[x0, . . . , xn], we have, for some r ≥ 0, the
equality f |xn= ax0 = xr0◦· (f |x0=0, xn=a)h ∈ R[x0, . . . , xn−1]. This implies that I|xn= ax0 ⊆
((I|x0=0)|xn=a)h ⊆ (I|xn= ax0 : x∞0 ). As ((I|x0=0)|xn=a)h is saturated with respect to x0, the
desired equality must hold. 
We finish this section with some observations about the effect of specialization on initial
ideals and varieties. Recall that the trivialization of a tropical ideal I is the image of I under
the homomorphism induced by ϕ : R→ B defined by ϕ(a) = 0 if a 6=∞ and ϕ(∞) =∞.
Lemma 3.11. Let I be a tropical ideal in R[x1, . . . , xn] or R[x±11 , . . . , x±1n ].
(1) For all a ∈ R we have ϕ(I|xn=a) = ϕ(I)|xn=ϕ(a).
(2) For all w ∈ Rn−1 and all a ∈ R we have inw(I|xn=a) = in(w,a)(I)|xn=0.
Proof. In both cases, Part 1 is expressing the fact that applying ϕ to a polynomial commutes
with specializing a variable, as ϕ is a semiring homomorphism.
To prove Part 2 for I ⊆ R[x1, . . . , xn], note that inw(I|xn=a) is equal to the set of polynomials
of the form inw(f |xn=a) with f ∈ I, while in(w,a)(I)|xn=0 is equal to the set of polynomials of
the form in(w,a)(f)|xn=0 with f ∈ I. It thus suffices to show that
(3.1) inw(f |xn=a) = in(w,a)(f)|xn=0
for any polynomial f =
⊕
cux
u ∈ R[x1, . . . , xn]. For u ∈ Nn, denote by u′ its projection
onto the first n − 1 coordinates. The initial term in(w,a)(f) is equal to the sum of those
monomials xu for which cu + (w, a) · u is smallest, and so in(w,a)(f)|xn=0 is the sum of those
monomials xu
′
for which there exists un with c(u′,un) + w · u′ + a un equal to the minimum
value f(w, a). Now, the coefficient of xu
′
in f |xn=a is min(c(u′,un) +un a) =: bu′ . The minimum
value of bu′ + w · u′ is thus also f(w, a), and inw(f |xn=a) is the sum of those monomials
xu
′
achieving this minimum. The desired equality follows from the fact that u′ achieves
the minimum if and only if any choice of un such that min(c(u′,un) + un a) = bu′ satisfies
c(u′,un) + w · u′ + a un = f(w, a).
The case that I ⊆ R[x±11 , . . . , x±1n ] follows from the above argument using Part 1 of
Lemma 2.2, since I|xn=a = (I ∩ R[x1, . . . , xn])|xn=aR[x±11 , . . . , x±1n ]. 
Recall that two polyhedral complexes Σ1,Σ2 in Rn intersect transversely at w ∈ Rn if w
lies in the relative interior of σ1 ∈ Σ1 and σ2 ∈ Σ2, and span(σ1) + span(σ2) = Rn. We say
that Σ1 and Σ2 intersect transversely if they intersect transversely at any w ∈ Σ1 ∩ Σ2.
Proposition 3.12. Fix a tropical ideal I ⊆ R[x±11 , . . . , x±1n ], and let a ∈ R. Then V (I|xn=a) ⊆
Rn−1 in contained in pi(V (I) ∩ {xn = a}), where pi : Rn → Rn−1 is the projection onto the
first n− 1 coordinates. Moreover if w lies in a closed cell σ of a polyhedral complex Σ with
|Σ| = V (I) with the property that span(σ) 6⊆ {xn = 0}, then pi(w) ∈ V (I|xn=a). Thus if the
intersection of V (I) and {xn = a} is transverse at w ∈ Rn then pi(w) ∈ V (I|xn=a).
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Proof. Fix w′ ∈ V (I|xn=a) ⊆ Rn−1. Then for any f ∈ I, the minimum in f |xn=a(w′) is
achieved at least twice, say at monomials xu and xv. Write i, j for exponents of xn at which
the minimum in the univariate polynomials fu(a) and fv(a) is achieved. Then the minimum
in f(w′, a) is achieved at the terms xuxin and x
vxjn, and so (w
′, a) ∈ V (I).
Now suppose that w lies in a closed cell σ of a polyhedral complex Σ with |Σ| = V (I) with
the property that span(σ) 6⊆ {xn = 0}, but assume that pi(w) /∈ V (I|xn=a). Then there is
f ∈ I|xn=a with inpi(w)(f) equal to a monomial xu. Fix F ∈ I with f = F |xn=a. Then inw(F )
equals xu times a polynomial g ∈ B[x±1n ] with more than one term, by (3.1). This means
that for any w′ ∈ V (inw(I)) we must have w′n = 0. By Proposition 2.10, the variety of the
initial ideal inw(I) is the star of V (I) at w. But this contradicts the assumption that w ∈ σ
with span(σ) 6∈ {xn = 0}. The claim about transverse intersection is the special case that
w ∈ relint(σ). 
In the case that the variety V (I) is the support of a pure polyhedral complex, we show
later in Proposition 6.8 that V (I|xn=a) is the stable intersection of V (I) and {xn = a}.
4. Dimension and Projections
In this section we prove several fundamental results about the dimension (Theorem 4.3)
and projections (Theorem 4.7) of varieties of tropical ideals.
For a homogeneous tropical ideal I ⊆ R[x0, . . . , xn], the Hilbert function HI(d) =
rk(Mat(Id)) agrees with a polynomial for d 0, called the Hilbert polynomial of I [MR18,
Proposition 3.8]. The dimension of I is defined to be the degree of this polynomial. We
can extend this definition to tropical ideals in R[x1, . . . , xn] and R[x±11 , . . . , x±1n ], by set-
ting dim(I) = dim(Ih) for I ⊆ R[x1, . . . , xn], and dim(I) = dim(I ∩ R[x1, . . . , xn]) for
I ⊆ R[x±11 , . . . , x±1n ].
Proposition 4.1. Let I be a proper tropical ideal in R[x±11 , . . . , x±1n ] or R[x1, . . . , xn]. For
any a ∈ R we have
dim(I|xn=a) ≤ dim(I)− 1.
Proof. If I is a tropical ideal in R[x±11 , . . . , x±1n ], let J = I ∩ R[x1, . . . , xn]. By definition,
dim(J) = dim(I). We also have J |xn=a = (I|xn=a) ∩ R[x1, . . . , xn−1], and so dim(J |xn=a) =
dim(I|xn=a). Replacing I by J , we see that we can reduce to proving the statement for ideals
in R[x1, . . . , xn].
Suppose that I is a tropical ideal in R[x1, . . . , xn]. Since the dimension of a tropical ideal
depends only on its trivialization, by Part 1 of Lemma 3.11 the dimension of I|xn=a does not
depend on the value of a ∈ R.
For any w ∈ Rn, write w′ for the projection of w onto the first n − 1 coordinates. By
Part 2 of Lemma 3.11, we have inw′(I|xn=wn) = (inw(I))|xn=0. In particular, if inw(I) is a
monomial ideal then inw′(I|xn=wn) is a monomial ideal as well.
We now prove that there is a w ∈ Rn such that inw(I) is a monomial ideal with the property
that (inw′(I|xn=wn))≤d = inw′((I|xn=wn)≤d) for all d ≥ 0. Consider the homogenization
Ih ⊆ R[x0, . . . , xn] of I. The Gro¨bner complex of Ih is a finite polyhedral complex in Rn+1
whose maximal cells correspond to monomial initial ideals, and so there exists wn ∈ R
such that the set of (w0, . . . , wn−1) ∈ Rn for which in(w0,...,wn−1,wn)(Ih) is not a monomial
ideal is a polyhedral complex in Rn of dimension at most n − 1. Set I ′ = I|xn=wn . Let
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≺ be a reverse-lexicographic order on R[x0, . . . , xn−1] with the variables ordered so that
xi ≺ x0 for all i = 1, . . . , n − 1. By Proposition 2.12, the set of (w0, . . . , wn−1) ∈ Rn such
that in(w0,...,wn−1)((I
′)h) = in≺((I ′)h) is an n-dimensional open polyhedron in Rn, and so our
assumption on wn implies we can pick one such (w0, . . . , wn−1) with the additional property
that in(w0,...,wn−1,wn)(I
h) is a monomial ideal. Adding a suitable multiple of (1, . . . , 1), we
can assume that w0 = 0. We claim that w = (w1, . . . , wn) chosen in this way satisfies the
desired properties. First, by Part 2 of Lemma 2.2, we have inw(I) = (in(0,w)(I
h))|x0=0, which
is a monomial ideal. It remains to be checked that (inw′(I
′))≤d = inw′(I ′≤d). The inclusion
(inw′(I
′))≤d ⊇ inw′(I ′≤d) holds for any ideal I ′ and any vector w′. For the reverse inclusion,
take xu a generator of the monomial ideal inw′(I
′) satisfying deg(xu) ≤ d. Again by Part 2
of Lemma 2.2, we have inw′(I
′) = in(0,w′)((I ′)h)|x0=0, and so there is some k ≥ 0 such that
xk0x
u ∈ in(0,w′)((I ′)h) = in≺((I ′)h). Let m = k+ |u|. By Lemma 2.6, the monomials of degree
m not in {in≺(f) : f ∈ (I ′)hm} form a basis B for Mat((I ′)hm), and so there is a polynomial
f ∈ (I ′)hm such that supp(f)∩ in≺((I ′)h) = {xk0xu}, corresponding to the fundamental circuit
of xk0x
u over B. We then have in(0,w′)(f) = in≺(f) = xk0x
u. Since ≺ is reverse-lexicographic
with x0 the last variable, it follows that all monomials in supp(f) are divisible by x
k
0. As
(I ′)h is saturated with respect to x0, this implies that f = xk0g with g ∈ (I ′)h. We conclude
that xu = in(0,w′)(g) ∈ in(0,w′)((I ′)h≤d), and thus xu ∈ inw′(I ′≤d), as desired.
Now, for any d ≥ 0, let B′d be the set of monomials of degree at most d not in inw′(I ′).
Since (inw′(I
′))≤d = inw′(I ′≤d), by [MR18, Lemma 3.3] the set B
′
d is a basis of the matroid
Mat(I ′≤d). Consider the set of monomials Bd := {xuxkn : xu ∈ B′d and 0 ≤ k ≤ d− |u|}. As
inw′(I
′) = (inw(I))|xn=0, none of the monomials in Bd can be contained in inw(I), and thus
Bd is an independent set of the matroid Mat(I≤d). Note that Bd+1 is the disjoint union
Bd+1 = B
′
d+1 unionsq xnBd. We then have HI′(d + 1) = |B′d+1| = |Bd+1| − |Bd|. For d  0, the
function HI′(d) agrees with a polynomial on d of degree dim(I
′) by [MR18, Proposition
3.8]. It follows that for d  0, the sequence (|Bd|)d≥0 agrees with a polynomial of degree
dim(I ′) + 1. Since HI(d) ≥ |Bd|, the Hilbert polynomial of I is a polynomial of degree at
least dim(I ′) + 1, and thus dim(I) ≥ dim(I ′) + 1, as claimed. 
Remark 4.2. The strict inequality dim(I|xn=a) < dim(I) − 1 is possible. An example is
given by I = trop(〈x1 − 1, x2 − 1〉 ∩ 〈x3 − 1〉) ⊆ R[x±11 , x±12 , x±13 ], which has dimension two.
By Remark 3.7, for any a ∈ R we have I|x3=a = trop(〈x1 − 1, x2 − 1〉) ⊆ R[x±11 , x±12 ], which
is zero-dimensional.
We now prove that the dimension of a tropical ideal agrees with the dimension of its variety.
Theorem 4.3. Let I be a tropical ideal in R[x±11 , . . . , x±1n ] of dimension d. Then V (I) ⊆ Rn
is a d-dimensional polyhedral complex.
We note that this complex need not be pure, so may have maximal cells of dimension less
than d.
Proof. We first prove the equality
(4.1) dim(V (I)) = max
(|S| : S ⊆ {1, . . . , n} and I ∩ R[x±1j : j ∈ S] = {∞}) ,
where by convention we set this maximum to be −1 if I ∩R = R. Denote by e the expression
on the right hand side. To show that dim(V (I)) ≤ e, take a cell σ of V (I) of maximal
dimension. There exists S ⊆ {1, . . . , n} of size dim(σ) = dim(V (I)) such that the projection
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pi(σ) of σ onto the coordinate subspace RS ⊆ Rn is injective. It follows that I does not
contain any polynomial in R[x±1j : j ∈ S] other than ∞, as otherwise pi(σ) ⊆ RS would have
codimension at least 1.
We now prove that dim(V (I)) ≥ e by induction on dim(V (I)). If dim(V (I)) = −1 then
V (I) = ∅, and by the weak Nullstellensatz for tropical ideals [MR18, Corollary 5.17], we also
have e = −1. For the induction step, suppose dim(V (I)) ≥ 0, and fix S ⊆ {1, . . . , n} of size
dim(V (I)) + 1 and i ∈ S. Choose a ∈ R such that the hyperplane {xi = a} intersects V (I)
transversely at all points of intersection (or their intersection is empty). This is possible
since V (I) is the support of a finite polyhedral complex. By Proposition 3.12 we have
V (I|xi=a) = pi(V (I) ∩ {xi = a}), where pi is the projection onto the coordinates other than i,
and so V (I|xi=a) has dimension at most dim(V (I))−1. As |S\{i}| = dim(V (I)), the induction
hypothesis then guarantees that there is a polynomial f 6=∞ in I|xi=a ∩ R[x±1j : j ∈ S \ {i}].
The polynomial f must be the specialization f = g|xi=a for a polynomial g ∈ I∩R[x±1j : j ∈ S],
which shows that I ∩ R[x±1j : j ∈ S] 6= {∞}. This completes the proof of (4.1).
We now show that (4.1) implies that dim(I) = dim(V (I)). Take S ⊆ {1, . . . , n} of size
dim(V (I)) such that I ∩R[x±1j : j ∈ S] = {∞}. Let J ⊆ R[x0, . . . , xn] be the homogenization
of I ∩ R[x1, . . . , xn]. Fix ≺ be a term order on R[x0, . . . , xn] with the property that xi ≺ xu
whenever both i 6∈ {0} ∪ S and uj = 0 for all j 6∈ {0} ∪ S. Any polynomial in J involves a
variable xi with i 6∈ {0} ∪ S, and thus any monomial xu ∈ in≺(J) must involve a variable xi
with i 6∈ {0} ∪ S. This means that in≺(J) ∩ R[xj : j ∈ {0} ∪ S] = {∞}, and so
max
(|S ′| : S ′ ⊆ {0, . . . , n} and in≺(J) ∩ R[xj : j ∈ S ′] = {∞}) ≥ dim(V (I)) + 1.
In fact, this last inequality must be an equality, as any subset S ′ such that in≺(J)∩R[xj : j ∈
S ′] = {∞} must also satisfy J ∩ R[xj : j ∈ S ′] = {∞}. It follows that dim(I) = dim(V (I)),
as dim(I) = dim(J) = dim(in≺(J)) by Lemma 2.6, and the (projective) dimension of a
monomial ideal M is the size of the largest subset S ′ with M ∩ R[xi : i ∈ S ′] = {∞} minus
one. 
Remark 4.4. One consequence of Theorem 4.3 is that the definition of dimension we use
here, as the degree of the Hilbert polynomial, essentially agrees with a naive notion of Krull
dimension, as in [JM18b]. This follows from the proof of Theorem 7.2.1 of [KM16], which
shows that for an arbitrary ideal in R[x1, . . . , xn], if V (I) is the support of an R-rational
polyhedral complex then dim(R[x1, . . . , xn]/B(I)) is one more than the maximal dimension
of a cell in the complex. The “one more” comes from the fact that dim(R) = 1 in this theory.
However, as shown in [JM18a], varieties of prime ideals are not flexible enough to play the
role of irreducible varieties in a tropical scheme theory.
We next consider the effects of changes of coordinates on R[x±11 , . . . , x±1n ]. This is essentially
identical to the realizable case (see [MS15, Lemma 2.6.10 and Corollary 3.2.13]).
Let A ∈ GL(n,Z) be an n× n invertible matrix with integer entries, and fix λ ∈ Rn. Let
φ∗ : R[x±11 , . . . , x±1n ]→ R[x±11 , . . . , x±1n ] be the semiring homomorphism given by xi 7→ λixai ,
where ai is the ith column of A. Such homomorphisms are precisely the automorphisms
of R[x±11 , . . . , x±1n ]. Write φ∗A for the homomorphism given by φ∗A(xi) = xai . We denote by
trop(φ) : Rn → Rn the linear map given by trop(φ)(w) = ATw + λ.
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Lemma 4.5. Let I ⊆ R[x±11 , . . . , x±1n ] be a tropical ideal, and let I ′ = φ∗−1(I). Then I ′ is
also a tropical ideal, and
φ∗A(introp(φ)(w)(I
′)) = inw(I)
for all w ∈ Rn. As a consequence, we have
V (I ′) = trop(φ)(V (I)).
Proof. We first show that I ′ is a tropical ideal. Write φ∗ = φ∗λ ◦ φ∗A, where φ∗λ(xi) = λixi.
Let E be a finite collection of monomials in R[x±11 , . . . , x±1n ], and let E ′ = φ∗A(E). Since I
is a tropical ideal, the polynomials in I with support in E ′ are the vectors of a valuated
matroid. Applying the invertible map φ∗λ
−1 to this collection produces an equivalent valuated
matroid on the ground set E ′. Since φ∗A is an injection, the collection of polynomials in I
′
with support in E define the same matroid. This shows that I ′ is a tropical ideal.
Fix f =
⊕
cux
u ∈ I ′, so φ∗(f) = ⊕ cu◦· (λ · u)◦· xAu ∈ I. We have
inw(φ
∗(f)) =
⊕
u : cu+λ·u+w·(Au) is minimal
xAu(4.2)
=
⊕
u : cu+(λ+ATw)·u is minimal
xAu
=
⊕
u : cu+trop(w)·u is minimal
xAu
= φ∗A(introp(φ)(w)(f)).
This implies that φ∗A(introp(φ)(w)(I
′)) ⊆ inw(I). As A is invertible, we also have φ∗A−1(inw(I)) ⊆
introp(φ)(w)(I
′), since w = trop(φ−1)(trop(φ)(w)), so introp(φ)(w)(I ′) = inw(I). Thus V (I ′) =
trop(φ)(V (I)), as required. 
We conclude this section with Theorem 4.7, which shows that the projection of the variety
of a tropical ideal is the variety of the elimination ideal, as is the case for realizable tropical
ideals. For this we first require the following result. Recall from [MR18, Theorem 5.9] that
any tropical ideal I ⊆ R[x±11 , . . . , x±1n ] has a finite tropical basis. This is a set {f1, . . . , fs} ⊂ I
with the property that V (I) =
⋂s
i=1 V (fi).
Lemma 4.6. Let I be a tropical ideal in R[x±11 , . . . , x±1n ]. If v ∈ Rn is not in V (I) then there
exists a finite tropical basis T ⊂ I such that for all f ∈ T we have v /∈ V (f).
Proof. Fix f ∈ I such that v /∈ V (f). The set Rn \ V (f) decomposes naturally as a
union of finitely many (full-dimensional) open polyhedra, so v lies in the interior of one
such open polyhedron P . Let T be a finite tropical basis for I. For each g ∈ T we can
decompose Rn \ V (g) as a union of open polyhedra. After subdividing, we can thus write
Rn \ (V (I) ∪ P ) = ⋃Pi, where for each Pi the closure Pi is an n-dimensional pointed
polyhedron, there is g ∈ T such that Pi ⊆ Rn \ V (g) with g(w) = a ·w + b for w ∈ Pi, and
f is is linear on Pi.
Fix i, and set Q = Pi, with Q ⊆ Rn \ V (g) for g ∈ T . Since Q is a pointed polyhedron not
containing v, there is a hyperplane {w ∈ Rn : c ·w + d = 0} with c ·w + d > 0 for w ∈ Q
and c · v + d < 0. We may assume that the face of Q minimizing c is a vertex p.
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Consider the polynomial g′ := g ⊕ (dxc)Nf ∈ I. We claim that for sufficiently large N ,
the minimum in g′(w) is achieved at terms in g for w ∈ Q, and at terms in (dxc)Nf for
w = v. This implies that Q ⊆ Rn \ V (g′), and v 6∈ V (g′). It follows that the collection of g′
for g ∈ T , together with f , form the desired tropical basis for I.
To see the claim, since f is linear on Q, there are a′ and b with f(w) = a′ ·w+b′ for w ∈ Q.
For N  0 the face of Q minimizing Nc+a′−a is still p, so (Nc+a′−a)·w ≥ (Nc+a′−a)·p
for w ∈ Q. Since c · p + d > 0, for N  0 we have
(Nc + a′ − a) ·w +Nd+ b′ − b ≥ (Nc + a′ − a) · p +Nd+ b′ − b
= N(c · p + d) + (a′ − a) · p + b′ − b
> 0
for all w ∈ Q. For such N ,
g(w) = a ·w + b < N(c ·w + d) + a′ ·w + b′ = N(c ·w + d) + f(w)
for all w ∈ P , which shows the first part of the claim. For the second part, note that any
N > (g(v)− f(v))/(c · v + d) suffices. 
Theorem 4.7. Let I be a tropical ideal in R[x±11 , . . . , x±1n , y±11 , . . . , y±1m ]. Then
V (I ∩ R[y±11 , . . . , y±1m ]) = pi(V (I)),
where pi : Rn × Rm → Rm is the projection onto the second factor.
Proof. Since V (I) ⊆ V (f) for all f ∈ I ∩R[y±11 , . . . , y±1m ], where we regard f as a polynomial
in R[x±11 , . . . , x±1n , y±11 , . . . , y±1m ], we have pi(V (I)) ⊆ V (I ∩ R[y±11 , . . . , y±1m ]).
To prove the reverse inclusion, suppose w ∈ Rm satisfies w 6∈ pi(V (I)). By tropically
scaling the y variables, we may assume that w = 0. As (0,0) ∈ Rn × Rm is not in V (I), by
Lemma 4.6 the ideal I has a finite tropical basis T ⊂ I with (0,0) /∈ V (f) for all f ∈ T .
After multiplying each polynomial in T by a monomial we may assume that T consists of
polynomials in R[x1, . . . , xn, y1, . . . , ym].
Now consider the specializations f |y=0 ∈ R[x1, . . . , xn] for f ∈ T . Since 0 6∈ pi(V (I)), we
claim that the tropical prevariety
⋂
f∈T V (f |y=0) ⊆ Rn is empty. Indeed, if this prevariety
contained a point w′ ∈ Rn, then (0,w′) ∈ V (f) for all f ∈ T , and so (0,w′) ∈ V (I). As⋂
f∈T V (f |y=0) is empty, we can apply the Tropical Primary Nullstellensatz of Grigoriev and
Podolski [GP14, Theorem 10]. This says that there is a tropical polynomial combination
g =
s⊕
i=1
cix
ui ◦· fi|y=0 ∈ R[x1, . . . , xn]
where fi ∈ T for all i, and for all monomials xv ∈ supp(g) there is a unique i = i(v) with the
coefficient of xv in cix
ui ◦· fi|y=0 less than the coefficient of xv in cjxuj ◦· fj|y=0 for j 6= i(v),
and for v 6= v′ we have i(v) 6= i(v′). Note that these conditions imply that we can take s to
be the number of terms of g.
Set gi = cix
uifi ∈ R[x1, . . . , xn, y1, . . . , ym]. We may regard gi as a polynomial in x1, . . . , xn
with coefficients in R[y1, . . . , ym]. Write giv ∈ R[y1, . . . , ym] for the coefficient of xv in gi. The
monomials xv appearing in gi are a subset of the monomials appearing in g. Fix an order
on the monomials xv1 , . . . ,xvs appearing in g. After reordering, we may assume that the
lowest coefficient appearing in gi|y=0 for any i appears in gs, and is the coefficient of xvs ,
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and in general the lowest coefficient of xvj in any gi|y=0 occurs in gj|y=0 for all 1 ≤ j ≤ s.
Since the coefficient of xvs in gs|y=0 is the lowest coefficient of any gj|y=0, it is the lowest
coefficient appearing in gs|y=0. The assumption that (0,0) 6∈ V (f) for all f ∈ T then implies
that 0 /∈ V (gsvs).
We now repeatedly apply Lemma 3.2 to do a form of Gaussian elimination on this system
of polynomials. Applying Lemma 3.2 to g1 and gi for i > 1, with u = v1 and v = vi, we
get a new polynomial g′i ∈ I with g′iv1 =∞, g′ivi(0) = givi(0), and g′i|y=0 ≥ g1|y=0 ⊕ gi|y=0.
Additionally, when i = s we get that in0(g
′
svs
) = in0(gsvs), and so 0 /∈ V (g′svs). Note that
the smallest coefficient in any g′i|y=0 still occurs in g′s, and the coefficient of vi in g′i|y=0 is
still smaller than that coefficient in g′j|y=0 for j > i.
We now replace gi by g
′
i for i > 1, and iterate, with g2 playing the role of g1. After
s − 1 iterations we obtain gs = xvsh, where h ∈ R[y1, . . . , ym] satisfies 0 /∈ V (h). Since
gs ∈ I ⊆ R[x±11 , . . . , x±1n , y±11 , . . . , y±1m ], we have h ∈ I, so 0 6∈ V (I ∩ R[y±11 , . . . , y±1m ]), as
desired. This proves the reverse inclusion. 
Example 4.8. Theorem 4.7 is not true verbatim with R[x±11 , . . . , x±1n , y±11 , . . . , y±1m ] replaced
by R[x1, . . . , xn, y1, . . . , ym]. For example, consider I = trop(〈x0x3−x1x2〉) ⊆ R[x0, x1, x2, x3].
Then V (I) = {w ∈ R4 : w0 + w3 = w1 + w2}. We have I ∩ R[x0, x1, x2] = {∞}, and so
V (I ∩ R[x0, x1, x2]) = R3, but {(∞, w1, w2) : w1, w2 ∈ R} is not in pi(V (I)). In this example
we have V (I ∩ R[x0, x1, x2]) equal to the closure of pi(V (I)), as in the classical case. ♦
5. Degrees of zero-dimensional ideals
For a zero-dimensional subscheme of Pn, its degree equals the sum of the multiplicities
of the points in its variety. In this section we extend this to tropical ideals. The proof is
more complicated than in the classical case, as we do not (yet?) have primary decomposition
available as a tool.
Definition 5.1. The degree of a d-dimensional homogeneous tropical ideal I ⊆ R[x0, . . . , xn]
is d! times the leading coefficient of the Hilbert polynomial of I.
When I is zero-dimensional, the Hilbert polynomial of I is a constant, and the degree is equal
to that constant. For a zero dimensional tropical ideal I in R[x1, . . . , xn] or R[x±11 , . . . , x±1n ]
we define the degree to be the degree of the homogenization Ih, or of the homogenization of
I ∩ R[x1, . . . , xn] respectively. We make the same definitions with R replaced by B. This has
the following equivalent formulation.
Lemma 5.2. Let I be a zero-dimensional tropical ideal in R[x1, . . . , xn] or R[x±11 , . . . , x±1n ].
Then the degree of I is the maximum size of a finite collection E of monomials not containing
the support of any polynomial in I:
deg(I) = max(rk(Mat(IE))).
Proof. The degree of I ⊆ R[x±11 , . . . , x±1n ] is by definition the same as the degree of J =
I ∩ R[x1, . . . , xn]. If E is a collection of monomials in R[x±11 , . . . , x±1n ], there is a polynomial
in I ⊆ R[x±11 , . . . , x±1n ] with support contained in E if and only if there is some monomial xu
with xuE ⊆ R[x1, . . . , xn] and a polynomial in J := I ∩ R[x1, . . . , xn] with support in xuE.
So it suffices to consider J ⊆ R[x1, . . . , xn].
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The degree of J is the degree of Jh, which is the rank of Mat(Jhd ) for d  0. If E is a
collection of monomials in R[x1, . . . , xn], let Ed = {xd−|u|0 xu : xu ∈ E} for d maxxu∈E |u|.
If there is no polynomial in J with support in E, then there is no polynomial in Jh with
support in Ed, so deg(Jh) ≥ |E|. Conversely, let E ′ be a basis for Mat(Jhd ) for fixed d 0,
so there is no polynomial in Jh with support in E ′. Set E = E ′|x0=0. Then |E ′| = |E|, and
since Jh|x0=0 = J , we have that E is a collection of monomials in R[x1, . . . , xn] not containing
the support of any polynomial in J , thus the maximum such |E| is at least deg(Jh). 
The notion of multiplicity is central in tropical geometry. We now define it for zero-
dimensional ideals. A general definition follows in Definition 6.1. Note that any initial ideal
of a zero-dimensional tropical ideal is also zero-dimensional; this follows, for instance, from
Theorem 4.3 and Proposition 2.10.
Definition 5.3. Let I be a zero-dimensional tropical ideal in R[x±11 , . . . , x±1n ], and let w ∈
V (I). The multiplicity multV (I)(w) of V (I) at w is the degree of the zero-dimensional initial
ideal inw(I) ⊆ B[x±11 , . . . , x±1n ].
When I is a zero-dimensional tropical ideal in R[x1, . . . , xn] or a zero-dimensional ho-
mogeneous tropical ideal in R[x0, . . . , xn], we define the multiplicity of V (I) at w ∈ Rn or
[w] ∈ trop(Pn) with w ∈ Rn+1 to be the degree of the saturation (inw(I) : (
∏n
i=0 xi)
∞). We
will not need the case where w has infinite coordinates in this paper.
We first note some basic properties of the multiplicity and degree. Recall from §4 that an
automorphism of R[x1, . . . , xn] is given by a function φ∗ of the form φ∗(xi) = λixai , where
λi ∈ R for all i and the n × n matrix A with columns ai has determinant ±1. This has
tropicalization trop(φ) given by trop(φ)(w) = ATw + λ.
Proposition 5.4.
(1) Let φ∗ : R[x±11 , . . . , x±1n ] → R[y±11 , . . . , y±1n ] be the semiring homomorphism given by
φ∗(xi) = yai, where the n× n matrix A with columns ai has rank n. If J is a tropical
ideal in R[x±11 , . . . , x±1n ] then Jφ := φ∗(J)R[y±11 , . . . , y±1n ] is a tropical ideal as well. In
addition, if J is zero-dimensional then so is Jφ, and deg(Jφ) = | det(A)| deg(J). The
same holds with R replaced by B.
(2) When I is a zero-dimensional ideal in R[x±11 , . . . , x±1n ], the degree of I and the multiplic-
ity of a point in V (I) are invariant under automorphisms of R[x±11 , . . . , x±1n ]. Explicitly,
if φ∗ : R[x±11 , . . . , x±1n ]→ R[x±11 , . . . , x±1n ] is an automorphism and I ′ = φ∗−1(I), then
deg(I ′) = deg(I), and multV (I)(w) = multV (I′)(trop(φ)(w)).
(3) For a zero-dimensional tropical ideal I ⊆ R[x±1 , . . . , x±1n ], let J ⊆ R[x0, . . . , xn] be the
homogenization of I ∩R[x1, . . . , xn]. Then for any w ∈ V (I), we have multV (I)(w) =
multV (J)([0 : w]).
Proof. (1) We first show that the ideal φ∗(J)R[y±11 , . . . , y±1n ] is a tropical ideal. Note
that this ideal is homogeneous with respect to the grading of R[y±11 , . . . , y±1n ] by the
cokernel G of the matrix A, which is a finite abelian group of size | det(A)|. Explicitly,
let L be the sublattice of Zn spanned by the columns ai of A. Grade R[y±11 , . . . , y±1n ]
by deg(yi) = ei + L ∈ G = Zn/L. Since φ∗(f) has degree zero for every f ∈ J ,
the ideal Jφ is homogeneous with respect to this grading. In addition, note that if
deg(yu) = 0 then yu = φ∗(xv) for some monomial xv, so yuφ∗(f) = φ∗(xvf), and
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thus (Jφ)0 = φ
∗(J). This also shows that (Jφ)γ = yuφ∗(J) for any γ ∈ G and yu with
deg(yu) = γ.
Now suppose that f, g ∈ Jφ with [f ]yu = [g]yu < ∞. Since Jφ is homogeneous
with respect to the G-grading, to prove that it is a tropical ideal it is enough to
show the elimination axiom holds for homogeneous polynomials f and g of the
same degree γ := deg(yu). By factoring out yu, we may assume that u = 0 and
deg(f) = deg(g) = 0. This means that f = φ∗(f ′) and g = φ∗(g′) for some f ′, g′ ∈ J ,
with the coefficient of x0 equal in f ′ and g′. Since J is a tropical ideal, there is
h′ ∈ J satisfying h′ ← elimx0(f ′, g′). Set h = φ∗(h′). Then h← elimy0(f, g), since all
monomials appearing in f, g, and h have degree 0. This shows that Jφ is a tropical
ideal.
Since Jφ is homogeneous, for any collection of monomials E in R[y±11 , . . . , y±1n ] the
matroid Mat(Jφ|E) is the direct sum
⊕
γ∈G Mat(Jφ|Eγ ), where Eγ is the collection of
monomials in E of degree γ. In addition, if E is a collection of monomials of degree γ,
so E = yvφ∗(E ′) for a collection of monomials E ′ in R[x±11 , . . . , x±1n ], then Mat(Jφ|E)
is isomorphic to Mat(J |E′). Lemma 5.2 then implies that the largest set of monomials
E not supporting a polynomial in Jφ has size |G| deg(J) = | det(A)| deg(J). The
proof is verbatim the same in the case that R is replaced by B.
(2) Let φ∗ : R[x±11 , . . . , x±1n ] → R[x±11 , . . . , x±1n ] be an automorphism, given by φ∗(xi) =
λix
ai for 1 ≤ i ≤ n. Set I ′ = φ∗−1(I). The fact that deg(I ′) = deg(I) follows
from Lemma 5.2. By Lemma 4.5, if w ∈ V (I) then trop(φ)(w) ∈ V (I ′). In ad-
dition, introp(φ)(w)(I
′) = φ∗−1A (inw(I)). Lemma 5.2 then implies that the degree of
introp(φ)(w)(I
′) and inw(I) are the same, as the automorphism φ∗−1A does not change the
maximal size of a collection of monomials not containing the support of a polynomial
in either ideal. As these degrees are the multiplicities by definition, the result follows.
(3) Set I ′ = I ∩ R[x1, . . . , xn], so that J = (I ′)h. By definition, multV (J)([0 : w]) is the
degree of Jin := (in(0,w)(J) : (
∏n
i=0 xi)
∞). Since Jin is saturated with respect to x0, it
is the homogenization with respect to x0 of (Jin)|x0=0 ⊆ R[x1, . . . , xn], so deg(Jin) =
deg(Jin|x0=0) by the definition of degree. Note that Jin|x0=0 = (in(0,w)(J)|x0=0 :
(
∏n
i=1 xi)
∞). Thus, by Part 2 of Lemma 2.2, Jin|x0=0 = (inw(I ′) : (
∏n
i=1 xi)
∞). Part 3
of Lemma 2.2 then implies that (inw(I
′) : (
∏n
i=1 xi)
∞) = inw(I) ∩ B[x1, . . . , xn]. Thus
deg(Jin) = deg(inw(I)) = multV (I)(w) as required. 
We now show that Definition 5.3 agrees with the multiplicity of a root of a univariate
polynomial. Many different tropical polynomials give rise to the same function from R to
R, but given a polynomial f there is a minimum possible choice for the coefficients of a
polynomial giving rise to the same function. We call the polynomial with these coefficients
the convexification of f .
Definition 5.5. For a polynomial f ∈ R[x±1] or R[x], we can factor the convexification
of f as α◦· ∏si=1(x ⊕ wi)mi , with α ∈ R, wi ∈ R, and mi ∈ N; see, for example [GM07].
The multiplicity multwi(f) of f at wi equals mi. For w ∈ R with w 6= wi for all i, we set
multw(f) = 0.
Example 5.6. The convexification of f = x3 ⊕ 1◦· x2 ⊕ x ⊕ 1 is equal to x3 ⊕ x2 ⊕ x ⊕ 1 =
(x ⊕ 0)2◦· (x ⊕ 1). The multiplicity of f at 0 thus equals 2. ♦
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The following proposition shows that, while tropical ideals in one variable might not be
finitely generated, they still behave like principal ideals.
Proposition 5.7. Let I be a tropical ideal in R[x±1]. There exists h ∈ I such that V (I) =
V (h), and the multiplicity of V (I) at any point w ∈ R equals multw(h). In addition, for
every f ∈ I the convexification of h divides the convexification of f .
Proof. Fix h ∈ I ∩ R[x] with deg(h) minimal. We first prove that for any f ∈ I and
w ∈ R, the multiplicity of V (f) at w is at least the multiplicity of V (h) at w. Denote by
r1 < r2 < · · · < rj the points of V (h), which we call the roots of h. The claim is trivially true
for w < r1, and indeed for any w not equal to one of the roots ri. Suppose now that the claim
is true for all w < rl for some root rl. After replacing x by rl◦· x we may assume that rl = 0.
If the claim is false for rl, then there is g ∈ I ∩ R[x] with g 6=∞ and mult0(g) < mult0(h).
Choose such a g of minimal degree. We have deg(g) > deg(h), as otherwise we could eliminate
xdeg(h) from h and a suitable multiple of g to get a polynomial in I of lower degree than deg(h).
Write h =
⊕
aix
i, and g =
⊕
bix
i. After scaling we may assume that h(0) = g(0) = 0.
This means that ai, bi ≥ 0. Let j = max{i : ai = 0}, and k = max{i : bi = 0}. We have
deg(h) = j +
∑l−1
i=1 multri(h). The leading coefficient of h is lc(h) = −
∑l−1
i=1 ri multri(h),
where if l = 1 we have the empty sum, so the coefficient is 0. An analogous statement holds
for g. Our assumption implies that multri(g) ≥ multri(h) for all i < l. This means that
deg(g)− k ≥ deg(h)− j, and lc(g) ≥ lc(h).
Set h′ = (lc(g)− lc(h))◦· xdeg(g)−deg(h)◦· h, and let f = ⊕ cixi ∈ I be an elimination f ←
elimxdeg(g)(g, h
′). We have deg(f) < deg(g). If lc(g) > lc(h), then ci = 0 if and only if bi = 0,
so mult0(f) = mult0(g) < mult0(h), contradicting our choice of g to have minimal degree.
If lc(g) = lc(h), then we also have deg(g) − k = deg(h) − j. Note that ck−mult0(h) = 0, as
0 = aj−mult0(h) < bk−mult0(h), and ci > 0 for i < k − mult0(h). Let l = max{i : ci = 0}.
By the argument above applied to f we have deg(f) − l ≥ deg(h) − j = deg(g) − k, so
since deg(f) < deg(g), we must have l < k. But this means that mult0(f) < mult0(h),
contradicting our choice of g to have minimal degree. From these contradictions we conclude
that g does not exist, so the claim is true for w = rl, and thus for all w. This shows that the
convexification of h divides the convexification of every other polynomial in I.
The multiplicity of V (I) at w is the smallest degree of a polynomial in inw(I)∩B[x]. For a
polynomial f ∈ I with multw(f) = m, the convexification of inw(f) has the form xb(x ⊕ 0)m,
for some b ≤ deg(f) −m, so (x ⊕ 0)m ∈ inw(I). Thus the minimal degree polynomial in
inw(I) ∩ B[x] has degree min{multw(f) : f ∈ I}. The above argument shows that this equals
multw(h). 
The following lemma is a key technical tool in the proof of Theorem 5.10.
Lemma 5.8. Let I be a zero-dimensional homogeneous tropical ideal in R[x0, . . . , xn]. Then
for all 0 ≤ i < j ≤ n there is a nontrivial polynomial fij ∈ I ∩ R[xi, xj] that factors as a
product of linear factors. If I is saturated with respect to the product of the variables, then
fij can be chosen to have degree at most 2 deg(I).
Proof. We can assume without loss of generality that i = 0 and j = 1. Fix d 0, so that
the Hilbert function of I in degree d equals deg(I). The set of monomials E = {xd−i0 xi1 :
0 ≤ i ≤ deg(I)} cannot be an independent set of Mat(Id), so there is a polynomial in
I with support in E, and thus a polynomial f ∈ I ∩ R[x0, x1]. If I is saturated with
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respect to the product of the variables, then we may divide by a power of x0 to assume that
deg(f) ≤ deg(I). Let f ′ be the convexification of f . As described in [MR18, Example 4.13],
we have g := (f ′)2 = f ′◦· f ∈ I∩R[x0, x1]. Since this polynomial is equal to its convexification,
it factors into linear polynomials, so is the required polynomial. 
Remark 5.9. If I ⊆ R[x0, . . . , xn] is a homogeneous zero-dimensional tropical ideal saturated
with respect to the product of the variables, then V (I) ⊆ trop(Pn) is contained in the tropical
torus Rn+1/R1. Indeed, suppose that [w] ∈ V (I), where we may assume, after relabelling
the coordinates if necessary, that w0 = 0. For all j > 0, the polynomial f0j of Lemma 5.8 can
be chosen to not be divisible by xj, which implies that wj <∞, and thus w ∈ Rn+1.
The main result of this section is the following theorem, which is the equivalent for tropical
ideals of [MS15, Proposition 3.4.13].
Theorem 5.10. Let I ⊆ R[x±11 , . . . , x±1n ] be a zero-dimensional tropical ideal. Then
deg(I) =
∑
w∈V (I)
multV (I)(w).
Note that by Theorem 4.3, the sum on the right hand side is finite. The overall approach of
the proof of Theorem 5.10 is to prove that the sums of the multiplicities of points in certain
polyhedral regions are the degrees of related ideals. The proof requires the following technical
lemma, which will be used to gradually increase the size of the regions.
Lemma 5.11. Let I ⊆ R[x0, . . . , xn] be a zero-dimensional homogeneous tropical ideal that
is saturated with respect to the product of the variables. Fix w ∈ Rn+1, σ ⊆ {1, . . . , n} with
σ 6= ∅, and i ∈ σ. Write mσ =
∏
l∈{0,...,n}\σ xl.
For  sufficiently small we have
deg(inw(I) : m
∞
σ ) = deg(inw(I) : (mσxi)
∞) + deg(inw+ei(I) : m
∞
σ )
and
deg(inw(I) : m
∞
σ ) = deg(inw−ei(I) : m
∞
σ ).
Proof. Let ≺ be the reverse lexicographic term order on the monomials in R[x0, . . . , xn] with
xi largest (so initial terms of homogeneous polynomials are divisible by the lowest power of
xi) and x0 second-largest, and let ≺′ be the lexicographic term order with xi smallest (so
initial terms of all polynomials are divisible by the largest power of xi) and x0 largest. For
0 <  1 we define the monomial ideals
(1) J+ = in≺(inw(I) : m∞σ ),
(2) J+ = in≺(inw+ei(I) : m
∞
σ ),
(3) Jw = in≺(inw(I) : (mσxi)∞),
(4) J− = in≺′(inw(I) : m∞σ ),
(5) J− = in≺′(inw−ei(I) : m
∞
σ ).
Since the Hilbert function, and thus the degree, is preserved on passing to a monomial initial
ideal by Lemma 2.6, it suffices to prove that for  sufficiently small we have
deg(J+) = deg(Jw) + deg(J
+
 ) and deg(J
−) = deg(J− ).
28 DIANE MACLAGAN AND FELIPE RINCO´N
We assume that  has been chosen sufficiently small so that inw+ei(I) = inei(inw(I)) and
inw−ei(I) = in−ei(inw(I)), and furthermore inw±ei(f) = in±ei(inw(f)) for all homogeneous
f ∈ I of degree at most 2 deg(I). This is possible by Proposition 2.10.
Step 1: J+ ⊆ Jw ∩ J+ , and J− ⊆ J− . Since (inw(I) : m∞σ ) is contained in (inw(I) :
(mσxi)
∞) = ((inw(I) : m∞σ ) : x
∞
i ), it follows that J
+ ⊆ Jw. Now, we have inei(inw(I) :
m∞σ ) ⊆ (inei(inw(I)) : m∞σ ). Since inei(inw(I)) = inw+ei(I) and the term order ≺ is a
refinement of the partial order given by ei, we have J
+ ⊆ J+ . The same is true with 
replaced by −, and ≺ replaced by ≺′, so J− ⊆ J− .
Step 2: (J+ : x∞i ) = Jw. The containment in≺(J : x
∞
i ) ⊆ (in≺(J) : x∞i ) holds for any
ideal J . Taking J = (inw(I) : m
∞
σ ), we obtain Jw ⊆ (J+ : x∞i ).
Since ≺ is the reverse-lexicographic order and (inw(I) : (mσxi)∞) is homogeneous and
saturated with respect to xi, we claim that Jw is also saturated with respect to xi. To see this,
suppose xv = in≺(f) is a minimal generator of Jw with f ∈ (inw(I) : (mσxi)∞). If vi > 0
then ui > 0 for all other monomials x
u in f , by the definition of the reverse-lexicographic
order, so f/xi ∈ (inw(I) : (mσxi)∞), and thus xv/xn ∈ Jw, contradicting that xv was a
minimal generator. We thus conclude that no generator of Jw is divisible by xi, so the claim
follows. This means that Jw ⊆ (J+ : x∞i ) ⊆ (Jw : x∞i ) = Jw, so (J+ : x∞i ) = Jw.
Step 3: J+ ⊆ (J+ : x∞0 ), and J− ⊆ (J− : x∞0 ). The proof is the same for both cases, so
we give it for J+ ⊆ (J+ : x∞0 ). The only changes needed are to replace each  by −, and ≺
by ≺′.
If xu ∈ J+ , then there is f ∈ I of the form f = mkσ(xu ⊕ f ′) ⊕ f ′′, where all terms cvxv in
f ′ have cv+w ·v+ vi = w ·u+ ui but xu ≺ xv, and all terms in f ′′ have greater weight with
respect to w + ei than m
k
σx
u. This means that inw+ei(f) = m
k
σ(x
u ⊕⊕cvxv a term of f ′ xv).
We can write f ′′ = f ′′1 ⊕ f ′′2 , where the terms xv′ in f ′′1 have cv′ + w · v′ = w ·u + k(
∑
i 6∈σ wi),
and the equality is an inequality > for the terms in f ′′2 . Then inw(f) = inw+ei(f) ⊕⊕
cvxv a term of f ′′1
xv. We thus have vi > ui for terms cvx
v of f ′′1 .
We now show that, after multiplying f by a sufficiently high power of x0 and doing some
vector eliminations, we may assume that each term of f ′′1 is divisible by m
k
σ. By Lemma 5.8,
since I is saturated, for all j > 0 there is a polynomial fj ∈ I ∩ R[x0, xj] that factors as a
product of linear terms. Thus inw(fj) = x
aj
0 (x0 ⊕ xj)bjxcjj ∈ inw(I) for some aj, bj, cj ≥ 0.
Fix j > 0 with j 6∈ σ. We may assume that bj 6= 0, as otherwise xaj0 xcjj ∈ inw(I), so
0 ∈ (inw(I) : m∞σ ), and so J+ = 〈0〉, from which the lemma is immediate. Since inw(I) is a
tropical ideal, we may use the term x
aj+bj
0 of inw(fj) to eliminate a term x
l
0x
v of xl0f
′′
1 from
inw(x
l
0f), where l 0. This replaces the term xl0xv with terms with the same exponent on
xi, but higher exponents on xj. After iterating with all fj, as j ranges over {1, . . . , n} \ σ,
we may assume that all terms of inw(x
l
0f) are divisible by m
k
σ. Note that these elimination
steps did not change inei(inw(x
l
0f)), as they did not change the exponent of xi in the affected
terms, so did not change in≺(inw(xl0f)) = x
l
0m
k
σx
u. We thus conclude that xl0x
u ∈ J+, so
xu ∈ (J+ : x∞0 ). This shows that J+ ⊆ (J+ : x∞0 ) as required.
Step 4: J+ contains a power of every variable except x0, xi, and J
− contains a power of
every variable except x0. From the previous paragraph we have x
aj
0 (x0 ⊕ xj)bjxcjj ∈ inw(I)
for all j > 0, so x
bj+cj
j ∈ J+ for j 6= i, and xbj+cjj ∈ J− for all j > 0.
Step 5: J+d = (Jw)d ∩ (J+ )d and J−d = (J− )d for d  0. Since all of J+, J−, Jw,
J+ , and J
−
 are monomial ideals, they have monomial primary decompositions, viewed as
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monomial ideals living in a polynomial ring over a field. Since J+ contains a power of every
variable except x0, xi and J
− contains a power of every variable except x0, and both have
constant Hilbert polynomials, the only possible associated primes of J+ are Pi = 〈xj : j 6= i〉,
P0 = 〈xj : j 6= 0〉, and m = 〈xj : 0 ≤ j ≤ n〉, and the only possible associated primes of J−
are P0 and m. This means that for d 0,
(5.1) J+d = (J
+ : x∞0 )d ∩ (J+ : x∞i )d,
and
(5.2) J−d = (J
− : x∞0 )d.
Since J− ⊆ J− ⊆ (J− : x∞0 ), we thus have J−d = (J− )d for d  0, and so deg(J−) =
deg(J− ).
Since J+ ⊆ Jw ∩ J+ , we have J+d ⊆ (Jw)d ∩ (J+ )d ⊆ (J+ : x∞i )d ∩ (J+ : x∞0 )d = J+d for
d 0. This means that deg(J+) = deg(Jw ∩ J+ ).
Step 6: Equality of degrees. Since inw(fi) = x
ai
0 (x0 ⊕ xi)bixcii ∈ inw(I), we have
(x0 ⊕ xi)bi ∈ (inw(I) : (mσxi)∞), and so xbi0 ∈ Jw. On the other hand, since deg(fi) ≤ 2 deg(I)
by Lemma 5.8, inw+ei(fi) = inei(inw(fi)) = x
ai+bi
0 x
ci
i , so x
ci
i ∈ J+ . This means that the
monomials not in J+ and not in Jw are disjoint in high degree, so deg(J
+) = deg(Jw ∩J+ ) =
deg(Jw) + deg(J
+
 ). 
We are now ready to prove Theorem 5.10.
Proof of Theorem 5.10. We first consider the related situation that I is a zero-dimensional
homogeneous tropical ideal that is saturated with respect to the product of the variables, and
prove the following stronger result: For any [w] in the tropical torus Rn+1/R1 of trop(Pn),
(5.3) deg(inw(I) : x
∞
0 ) =
∑
p∈(w+cone(el:l>0))∩V (I)
multV (I)(p).
To see that this implies the theorem, we claim that when w is in the interior of an unbounded
cell Cw of the Gro¨bner complex of I that contains points w
′ with w′l  w′0 for all l > 0, then
(inw(I) : x
∞
0 ) = inw(I), so the result follows from the facts that deg(inw(I)) = deg(I) by
[MR18, Corollary 3.6], and that for such w′ all of V (I) is contained in w′ + cone(el : l > 0).
To see the claim, note that inw(I) is a monomial ideal, and suppose that x
uxl0 ∈ inw(I).
There is f =
⊕
cvx
v ∈ I with inw(f) = xuxl0 and all other monomials xv occurring in
f not in inw(I); such f corresponds to the fundamental circuit of x
uxl0 over the basis
B := {xv : xv /∈ inw(I)|u|+l} of the matroid Mat(I|u|+l). Since inw′(I) = inw(I) for all
w′ ∈ Cw, we must have inw′(f) = xuxl0 for such w′. By choosing such a w′ with w′j
sufficiently less than w0 for all 1 ≤ j ≤ n, we see that the other terms of f must also be
divisible by xl0, so since I is (
∏
xj)-saturated, f/x
l
0 ∈ I, and so xu ∈ inw(I). This shows that
(inw(I) : x
∞
0 ) = inw(I) as required.
To prove Equation (5.3), we prove the following stronger formula. For σ ⊆ {1, . . . , n}, set
mσ =
∏
l∈{0,...,n}\σ xl. Then for any σ ⊆ {1, . . . , n} and any w ∈ Rn+1,
(5.4) deg(inw(I) : m
∞
σ ) =
∑
p∈(w+cone(ei:i∈σ))∩V (I)
multV (I)(p).
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The case that σ = {1, . . . , n} is Equation (5.3). We prove Equation (5.4) by induction on |σ|.
When σ = ∅, the right-hand side is multV (I)(w), and the left-hand side is the definition of
this.
Now suppose that |σ| > 0 and Equation (5.4) holds for all σ′ with |σ′| < |σ|. Write Cσ
for the locus of w ∈ Rn+1 for which (5.4) holds. To prove the claim we need to show that
Cσ = Rn+1. Suppose Cσ 6= Rn+1, and fix w0 ∈ Rn+1 \ Cσ. Fix i ∈ σ, and consider the
ray {w : w = w0 + λei with λ ≥ 0}. We observe that for λ large enough, w0 + λei ∈ Cσ.
Indeed, by Lemma 5.8 there is a polynomial f ∈ I ∩ R[x0, xi] that factors as a product
of linear terms, and is saturated with respect to x0 and xi. Thus for λ  0, we have
inw0+λei(f) = x
m
0 for some m > 0. This means that (inw0+λei(I) : m
∞
σ ) = 〈0〉, so since
w0 + λei + cone(ei : i ∈ σ) ∩ V (I) = ∅ for sufficiently large λ, (5.4) holds for such a point
w0 + λei.
We thus have that the set of λ such that w0 + λei /∈ Cσ is bounded above; let λ˜ be its
supremum, and set w = w0 + λ˜ei. By Lemma 5.11 the left-hand side of (5.4) does not change
when subtracting ei from w for sufficiently small  > 0, which implies that w /∈ Cσ. Now,
since V (I) is finite and inw(I)≤deg(I) is generated by finitely many polynomials, we can fix
 > 0 small enough so that:
(1) inw+ei(I) = inei(inw(I)), and inw+ei(f) = inei(inw(f)) for all f ∈ I of degree at
most 2 deg(I), and
(2) there are no points p ∈ V (I) with p ∈ w + cone(ej : j ∈ σ) and wi < pi < wi + .
We now consider (inw(I) : (mσxi)
∞) and (inw+ei(I) : m
∞
σ ). The degree of (inw(I) :
(mσxi)
∞) is the left-hand side of (5.4) for the set σ′ = σ \ {i}. By the induction hypothesis
we know that this equals
∑
p∈(w+cone(ej :j∈σ′))∩V (I) multV (I)(p). Since w + ei ∈ Cσ, the degree
of (inw+ei(I) : m
∞
σ ) equals
∑
p∈(w+ei+cone(ej :j∈σ))∩V (I) multV (I)(p). By our assumptions on ,
we thus have that
deg((inw(I) : (mσxi)
∞)) + deg((inw+ei(I) : m
∞
σ )) =
∑
p∈(w+cone(ei:i∈σ))∩V (I)
multV (I)(p),
which is the right-hand side of (5.4). Equation (5.4) then follows from Lemma 5.11.
We now consider the case that I is a zero-dimensional ideal in R[x±11 , . . . , x±1n ]. Let
Ih ⊆ R[x0, . . . , xn] be the homogenization of I ∩ R[x1, . . . , xn]. By definition we have
deg(Ih) = deg(I), and by Remark 5.9 V (I) equals V (Ih) after the identification of Rn+1/R1
with Rn by choosing the representative with first coordinate 0. In addition, by Part 3 of
Proposition 5.4 we have multV (I)(w) = multV (Ih)([0 : w]) for all w ∈ V (I). The theorem for
I then follows from the result for homogeneous ideals proved above. 
Remark 5.12. The proof of Theorem 5.10 is simpler in the realizable case, as we can use pri-
mary decomposition. If I ⊆ K[x0, . . . , xn] is zero-dimensional, then I = J∩
⋂
p∈V (I) Qp, where
Qp is I(p)-primary, and J is 〈x0, . . . , xn〉-primary. We then have deg(I) =
∑
p∈V (I) deg(Qp).
The degree of an ideal Qp primary to the ideal of a point p equals its multiplicity, so the
result follows.
6. Balancing
In this section we prove that the top-dimensional part of the variety of a tropical ideal is
balanced with respect to intrinsically defined multiplicities.
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We first recall the definition of the balancing condition. A weighted polyhedral complex is a
polyhedral complex Σ with a weight function that assigns a positive integer to each maximal
cell of the complex.
Definition 6.1. Let Σ be a pure one-dimensional weighted rational polyhedral fan with s
rays. Let ui be the first lattice point on the ith ray of Σ, and let mi be the weight on that
ray. We say that Σ is balanced if
∑s
i=1 miui = 0.
Let Σ be a pure d-dimensional R-rational weighted polyhedral complex, and let σ be a
(d− 1)-dimensional cell of Σ. The quotient of the star starΣ(σ) by the subspace span(σ) is a
pure one-dimensional rational polyhedral fan that inherits a weighting from Σ. We say that
Σ is balanced if this fan is balanced for all (d− 1)-dimensional cells of Σ.
We now define the multiplicities on the variety of a tropical ideal that give V (I) the
structure of a weighted polyhedral complex. This needs the following lemma.
Given a Zd-grading on the tropical Laurent polynomial semiring S = R[x±11 , . . . , x±1n ] or
S = B[x±11 , . . . , x±1n ], we denote by S0 the subsemiring consisting of degree zero elements. An
ideal I ⊆ S0 is a tropical ideal if for any finite collection of monomials E ⊆ S0 the restriction
I|E is the collection of vectors of a valuated matroid on the set E; see [MR18, Definition 4.3].
Note that S0 is isomorphic to a Laurent polynomial semiring in fewer variables. We can use
this fact to define the dimension and degree of I. Explicitly, we say that I is zero-dimensional
if there is an upper bound on the rank of Mat(I|E) for E ⊆ S0 a finite collection of monomials,
and in that case we set the degree of I to be the maximum possible such rank.
Lemma 6.2. Let I ⊆ R[x±11 , . . . , x±1n ] be a tropical ideal, and fix w ∈ Rn in the relative
interior of a maximal cell σ of V (I), where V (I) is given the Gro¨bner polyhedral complex
structure. By Corollary 2.11, inw(I) is homogeneous with respect to a Zdim(σ)-grading of
S := B[x±11 , . . . , x±1n ]. Let S0 be the degree-zero part of S with respect to this grading. Then
inw(I) ∩ S0 is a zero-dimensional tropical ideal.
Definition 6.3. Under the same setup as in Lemma 6.2, we define the multiplicity of V (I)
at w to be the degree of the zero-dimensional tropical ideal inw(I) ∩ S0.
Note that this definition agrees with the one given for zero-dimensional ideals in Defini-
tion 5.3, as the grading is trivial when dim(I) = 0.
Proof of Lemma 6.2. By Proposition 2.10, we have V (inw(I)) = span(σ), which is a subspace
of Rn of dimension d := dim(σ). Using Lemma 4.5 we may change coordinates to assume that
span(σ) = span(e1, . . . , ed). Explicitly, choose a basis for the lattice span(σ) ∩ Zn, and let
A ∈ GL(n,Z) be the inverse of an invertible n×n matrix with first d rows equal to this basis.
Set φ∗ : R[x±11 , . . . , x±1n ]→ R[x±11 , . . . , x±1n ] to be φ∗(xi) = xai , where ai is the ith column of
A. By construction we then have trop(φ)(span(σ)) = span(e1, . . . , ed). The ideal I
′ = φ∗−1(I)
satisfies V (introp(φ)(w)(I
′)) = V (φ∗−1(inw(I))) = trop(φ)(V (inw(I))) = trop(φ)(span(σ)) =
span(e1, . . . , ed). The Zd-grading induced by trop(φ)(σ) on S is given by deg(xi) = ei for
1 ≤ i ≤ d and deg(xi) = 0 for i > d, so the degree 0 part of S is B[x±1d+1, . . . , x±1n ]. By Part
2 of Proposition 5.4, the tropical ideal inw(I) ∩ S0 is zero-dimensional if and only if the
tropical ideal φ∗−1(inw(I)) ∩ B[x±1d+1, . . . , x±1n ] is zero-dimensional. We can thus assume that
span(σ) = span(e1, . . . , ed), and S0 = B[x±1d+1, . . . , x±1n ].
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To prove that inw(I) ∩ B[x±1d+1, . . . , x±1n ] is zero-dimensional, let J = inw(I)R[x±11 , . . . , x±1n ].
Denote by pi : Rn → Rn−d the projection onto the last n− d coordinates. By Theorem 4.7 we
have
V (inw(I) ∩ B[x±1d+1, . . . , x±1n ]) = V (J ∩ R[x±1d+1, . . . , x±1n ]) = pi(V (J)) = pi(V (inw(I))).
As V (inw(I)) = span(e1, . . . , ed), the last term in the equalities above is equal to {0}.
Theorem 4.3 then implies that inw(I) ∩ B[x±1d+1, . . . , x±1n ] is zero-dimensional, as claimed. 
Recall from §2 that if Σ is a polyhedral complex and w is in the interior of a cell σ ∈ Σ,
the star starΣ(w) is a polyhedral fan with cones τ for any τ ∈ Σ containing σ. If Σ is a
weighted polyhedral complex, the star starΣ(w) inherits weights on its maximal cones, and
thus it is a weighted polyhedral fan.
Proposition 6.4. Suppose I is a tropical ideal in R[x±11 , . . . , x±1n ] or B[x±11 , . . . , x±1n ], and
w ∈ Rn. Then
V (inw(I)) = starV (I)(w)
as weighted polyhedral complexes, where V (I) and V (inw(I)) are given their Gro¨bner complex
structures.
Proof. The equality of these fans as polyhedral complexes was proved in Proposition 2.10. To
show that they have the same weighting, suppose v is in the interior of a maximal cone τ of
V (inw(I)) = starV (I)(w). The linear subspace span(τ) = span(τ) induces a Zdim(τ)-grading
on S := B[x±11 , . . . , x±1n ]. The multiplicity of the cone τ ∈ V (inw(I)) is equal to the degree of
the zero-dimensional tropical ideal inv(inw(I)) ∩ S0 = inw+v(I) ∩ S0, which is equal to the
multiplicity of the cell τ in V (I), as desired. 
We now show the key special case of Theorem 6.6 when the ideal I is one-dimensional with
coefficients in B.
Lemma 6.5. Let I ⊆ B[x±11 , . . . , x±1n ] be a one-dimensional tropical ideal. Then V (I) is the
support of a one-dimensional rational polyhedral fan that is balanced, with weights on the rays
given by the multiplicities of Definition 6.3.
Proof. Since I ⊆ B[x±11 , . . . , x±1n ], we have I = in0(I) and thus V (I) = starV (I)(0) by
Proposition 2.10. This implies that the variety V (I) is a fan, which is one-dimensional
by Theorem 4.3. The same is true for the ideal I ′ = IR[x±11 , . . . , x±1n ], as the circuits are
the same for both ideals. For the rest of the proof we replace I by I ′, so assume that
I ⊆ R[x±11 , . . . , x±1n ].
Let u1, . . . ,us be the first lattice points on the rays of V (I). Set mi = multV (I)(ui). Let
u =
∑
miui. We will show that v ·u = 0 for all v ∈ Zn, which implies that u = 0, so V (I) is
balanced at the origin. It suffices to show that v ·u = 0 for a basis of Zn, so up to reindexing
we may assume that v = e1.
Let J1 = I|x1=1 ⊆ R[x±12 , . . . , x±1n ] and J2 = I|x1=−1 ⊆ R[x±12 , . . . , x±1n ]. By Proposition 3.12,
since the intersections of V (I) with with the two hyperplanes {x1 = 1} and {x1 = −1} are
transverse, these intersections equal V (J1) and V (J2) respectively. By Proposition 4.1, J1 and
J2 are either the unit ideal 〈0〉 or are zero-dimensional. By Part 1 of Lemma 3.11, J1 = 〈0〉
if and only if J2 = 〈0〉. In that case we have V (J1) = V (J2) = ∅, so V (I) ∩ {x1 = ±1} = ∅.
This means that e1 · ui = 0 for all 1 ≤ i ≤ s, and thus e1 · u = 0. We may thus restrict to
the case that both J1 and J2 have dimension zero.
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By Theorem 5.10 we know that
deg(Ji) =
∑
w∈V (Ji)
multV (Ji)(w)
for i = 1, 2. By Part 2 of Lemma 3.11 we have inw(J1) = (in(1,w)(I))|x1=0 for all w ∈ Rn−1.
If (1,w) lies on a ray R≥0u′, then in(1,w)(I) = inu′(I), as the initial ideals with respect to u′
and λu′ are the same for any λ > 0, since all circuits of I have coefficients in B. Thus
deg(J1) =
∑
i:(ui)1>0
deg(inui(I)|x1=0) and deg(J2) =
∑
i:(ui)1<0
deg(inui(I)|x1=0).
Suppose now that u′ is the first lattice point on a ray of V (I). We next show that
(6.1) deg(inu′(I)|x1=0) = |u′1|multV (I)(u′).
Grade S = B[x±11 , . . . , x±1n ] by deg(xi) = u′i. The multiplicity multV (I)(u′) is equal to the
degree of the zero-dimensional ideal inu′(I)∩S0 ⊆ S0. We now show that deg(inu′(I)|x1=0) =
|u1| deg(inu′(I) ∩ S0). To see this, first note that S0 ∼= B[y±11 , . . . , y±1n−1]. This isomorphism
is given by fixing a basis b1, . . . ,bn−1 for the kernel of the map Zn → Z given by sending
w to w · u′, and sending yi to xbi . While this isomorphism depends on the choice of basis,
different choices differ by an automorphism of B[y±11 , . . . , y±1n−1], so by Part 2 of Proposition 5.4,
inu′(I) ∩ S0 can be considered as an ideal in B[y±11 , . . . , y±1n−1] for the purpose of computing
the degree. The map φ∗ from B[y±11 , . . . , y±1n−1] to B[x±12 , . . . , x±1n ] then takes yi to xb
′
i , where
b′i is the projection of bi onto the last n − 1 coordinates. Write B for the (n − 1) ×
(n − 1) matrix with columns b′i. Note that | det(B)| = |u′1|. One way to see this is to
note that since the map Zn/Z(b1, . . . ,bn−1) → Z given by ei 7→ u′i is an isomorphism,
the induced map Zn−1/Z(b′1, . . . ,b′n−1) → Z/Zu′1 on the last n − 1 coordinates given by
ei 7→ u′i is an isomorphism as well, so | det(B)| = |u′1|. Write inu′(I)φ for the ideal in
B[x±12 , . . . , x±n ] generated by φ∗(inu′(I) ∩ S0). By Part 1 of Proposition 5.4, the degree
of inu′(I)φ equals | det(B)| deg(inu′(I) ∩ S0). Finally, note that inu′(I)φ is generated by
{f |x1=0 : f is a generator of inu′(I) ∩ S0}. If f is a homogeneous element of inu′(I), then
xvf ∈ inu′(I)∩S0, where xv is any monomial of degree − deg(f), so (xvf)|x1=0, and thus also
f |x1=0, are in inu′(I)φ. Thus inu′(I)φ = inu′(I)|x1=0, so deg(inu′(I)|x1=0) = |u′1| deg(inu′(I) ∩
S0) as required. This finishes the proof of (6.1).
We thus have
(6.2) deg(J1) =
∑
i:(ui)1>0
|(ui)1|multV (I)(ui),
and analogously for J2. We conclude that
u · e1 = (
∑s
i=1miui) · e1 =
∑s
i=1mi(ui)1 = deg(J1)− deg(J2) = 0,
where the last equality follows from Lemma 3.11, as deg(J1) = deg(ϕ(J1)) = deg(ϕ(J2)) =
deg(J2). 
Theorem 6.6. Let I ⊆ R[x±11 , . . . , x±1n ] be a d-dimensional tropical ideal, and let Σ be a
polyhedral complex with support equal to V (I). Then the collection of closed d-dimensional
cells of Σ forms an R-rational polyhedral complex Σd that is balanced, with weights given by
the multiplicities of Definition 6.3.
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Proof. Fix a (d − 1)-dimensional cell σ of Σd, and w in the relative interior of σ. By
Proposition 6.4 the variety V (inw(I)) equals starV (I)(w) as a weighted rational polyhedral
fan. Write L = span(σ) for the (d − 1)-dimensional lineality space of this fan. After a
monomial change of coordinates, which by Part 2 of Proposition 5.4 does not change degrees
or multiplicities of zero-dimensional ideals, we may assume that L is the span of e1, . . . , ed−1.
Let J = inw(I)∩B[x±1d , . . . , x±1n ]. By Theorem 4.7 we have V (J) = V (inw(I))/L, so V (J) is a
one-dimensional rational polyhedral fan in Rn−d+1. By Theorem 4.3 we have that dim(J) = 1
as well, so V (J) is balanced by Lemma 6.5.
Each ray in V (J) is the quotient of a cone in starV (I)(w) by the lineality space L. To show
that Σd is balanced at σ it suffices to show that the multiplicity on a ray in V (J) equals the
weight of the corresponding cone in starV (I)(w). After a monomial change of coordinates we
may assume that the ray is R≥0en, so the corresponding cone τ is span(e1, . . . , ed) + R≥0en.
The multiplicity of R≥0en in V (J) is the degree of the zero-dimensional ideal obtained by
intersecting inen(J) with B[x±1d , . . . , x
±1
n−1]. The multiplicity of τ in starV (I)(σ) = V (inw(I)) is
the degree of inen(inw(I))∩B[x±1d , . . . , x±1n−1]. The equality then follows from the fact that, since
inw(I) is homogeneous with respect to the grading by deg(xi) = ei ∈ Zd−1 for 1 ≤ i ≤ d− 1
and deg(xi) = 0 ∈ Zd−1 otherwise, we have inen(J) = inen(inw(I)) ∩ B[x±1d , . . . , x±1n ]. 
Remark 6.7. In [MR18] tropical ideals were used to define subschemes of arbitrary toric
varieties. One consequence of Theorem 6.6 is the existence of a Hilbert-Chow morphism
that takes a subscheme of an n-dimensional tropical toric variety trop(XΣ) given by a
locally tropical ideal (see [MR18, §4]) to a class in A∗(XΣ). More specifically, if I is a
locally tropical ideal in S := Cox(XΣ), and m is the product of the variables of S, then
I ′ = (ISm)0 ⊆ (Sm)0 ∼= R[y±11 , . . . , y±1n ] is a tropical ideal. Set d = dim(I ′). By Theorem 6.6,
the union ∆ of the d-dimensional cones of V (ϕ(I ′)) ⊆ Rn forms a finite R-rational balanced
polyhedral complex that is pure of dimension d. Then the techniques of [FS97] and [MS15, §6.7]
associate a class [V (I)] ∈ Ad(XΣ) to ∆.
For an irreducible variety X ⊆ (K∗)n and fixed a ∈ R, the variety trop(X ∩ V (xn − α))
is the stable intersection of trop(X) and the hyperplane trop(V (xn − α)) = {xn = a} for
most choices of α ∈ K with val(α) = a. Here “most” means that given a fixed t ∈ K with
val(t) = a, there is a finite set in the residue field k of K for which if the residue α/t ∈ k is
not in this set then the tropicalization has the given form; see [MS15, Proposition 3.6.15].
Remark 3.7 suggests a connection of this fact to the specialization construction, which we
now explain.
Proposition 6.8. Let I ⊆ R[x±11 , . . . , x±1n ] be a tropical ideal, and fix a ∈ R. If V (I) is the
support of a pure d-dimensional polyhedral complex, we have
V (I|xn=a) = pi(V (I) ∩st {xn = a})
as weighted polyhedral complexes, where pi : Rn → Rn−1 is the projection onto the first n− 1
coordinates and ∩st denotes the stable intersection.
Proof. Fix a pure R-rational polyhedral complex Σ with support V (I). By definition, the
stable intersection of Σ with the hyperplane H := {xn = a} is the polyhedral complex Σ∩stH
that has a cell τ ∩H for all cells τ ∈ Σ with dim(τ + H) = n, or equivalently with τ not
contained in H.
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By Proposition 3.12 we know that pi(Σ ∩st H) ⊆ V (I|xn=a) ⊆ Σ ∩ H. Conversely, if
w ∈ Σ ∩ H but w 6∈ Σ ∩st H, then any τ ∈ Σ containing w lies in H, so starV (I)(w) is
contained in the hyperplane {xn = 0}. By Proposition 2.10 this means that V (inw(I)) is
contained in this hyperplane. Theorem 4.7 then implies that inw(I) ∩ B[x±1n ] 6= {∞}. This
means that inw(I)|xn=0, which equals inpi(w)(I|xn=a) by Part 2 of Lemma 3.11, equals 〈0〉,
and so pi(w) 6∈ V (I|xn=a) as required. This shows that V (I|xn=a) = pi(Σ ∩st H) as a set.
We now prove that the multiplicities also coincide: for w ∈ Rn with wn = a, we have
multV (I|xn=a)(pi(w)) = multΣ∩stH(w). We may assume that the polyhedral complex Σ has
been chosen so that Σ∩H is a subcomplex of Σ, so every cell σ ∈ Σ∩stH can also be viewed
as a cell in Σ. Maximal cells of the stable intersection Σ ∩st H have dimension d − 1. By
definition, if w is in the relative interior of a maximal cell σ of Σ ∩st H, the multiplicity of w
is
∑
τ multΣ(τ)[N : Nτ +NH ], where Nτ and NH are the sublattices of N = Zn generated by
the lattice points in span(τ) and H respectively, [N : Nτ +NH ] is the lattice index, and the
sum is over all maximal cells τ in Σ containing σ with τ ∩ (v + H) 6= ∅ for fixed generic
v and 0 <  1. Since H is a coordinate hyperplane, we may take v = en. As both sides
of the equality in the proposition statement are invariant under changes of coordinates in
x1, . . . , xn−1 that fix xn, we may assume that span(σ) = span(e1, . . . , ed−1).
For τ a maximal cell in Σ containing σ, let vτ ∈ N be a representative for a generator of
the one-dimensional lattice Nτ/Nσ. The sublattice Nτ +NH is generated by {e1, . . . , en−1}
and vτ , so the index [N : Nτ + NH ] is up to sign equal to the last coordinate (vτ )n. Thus
the multiplicity of w in Σ ∩st H equals
(6.3)
∑
τ (vτ )n multΣ(τ),
where the sum is over all maximal cells τ containing σ with τ ∩ (en + H) 6= ∅, which
are precisely those τ with (vτ )n > 0. The multiplicities multΣ(τ) are the same as the
multiplicities of the corresponding cones in starΣ(σ) = V (inw(I)). Grade S = B[x±11 , . . . , x±1n ]
by span(σ). We have S0 = B[x±1d , . . . , x±1n ]. The variety of the tropical ideal inw(I) ∩ S0 is a
one-dimensional fan in Rn−d+1 which is isomorphic to starΣ(σ)/ span(σ) by Theorem 4.7.
Equation (6.3) is then the right-hand side of (6.2) applied to the ideal inw(I) ∩ S0, so
the multiplicity of w in Σ ∩st H equals deg((inw(I) ∩ S0)|xn=1). This degree is equal to
deg((inw(I)∩S0)|xn=0) by Part 1 of Lemma 3.11, since the degree of a tropical ideal depends
only on its trivialization. Now, we have
(inw(I) ∩ S0)|xn=0 = inw(I)|xn=0 ∩ S0|xn=0 = inpi(w)(I|xn=a) ∩ B[x±1d , . . . , x±1n−1],
where the first equality follows from the fact that deg(xn) = 0, and the second from
Part 2 of Lemma 3.11. Thus the multiplicity of w in Σ ∩st H equals deg(inpi(w)(I|xn=a) ∩
B[x±1d , . . . , x
±1
n−1]), which is by definition the multiplicity of pi(w) in V (I|xn=a). 
Stable intersection is only defined for balanced polyhedral complexes, to ensure the resulting
multiplicities are independent of choices. The reason we require V (I) to be pure in the
previous theorem is because Theorem 6.6 only guarantees that the maximal-dimensional
subcomplex of V (I) is balanced, and thus the stable intersection can only be defined when
that is the entire complex.
In the case that I = trop(J) for a prime ideal J ⊆ K[x±11 , . . . , x±1n ], the Structure Theorem
for tropical geometry implies that V (I) is the support of a pure-dimensional polyhedral
complex. It would be good to have a more general condition on tropical ideals that still
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guarantees this. If J is not prime, it still has a primary decomposition, so V (I) decomposes
as the support of a union of balanced polyhedral complexes. Proposition 6.8 thus extends to
these cases. An analogous construction is currently missing from tropical scheme theory.
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